
Belief Space Planning for Autonomous 

Navigation while Modeling Landmark 

Identification 

 

 

Research Thesis  

 

In Partial Fulfillment of The Requirements for the Degree of 

Master of Science in Aerospace Engineering 

 

Shira Har-Nes 

 

 

 

Submitted to the Senate of the Technion - Israel Institute of Technology  

 

Tevet  5777, Haifa, January  2017  



The Research Thesis Was Done Under The Supervision of Prof. Vadim Indelman 

in the Faculty of Aerospace Engineering. 

 

 

Acknowledgements 

 

I would like to express my appreciation and gratitude to Prof. Vadim Indelman for 

the guidance throughout the research. Thank you for the advices, patience and the 

detailed explanations. Working together had been very pleasant and interesting for 

me. 

For my great family, thank you for the encouragement and patience. Special thanks 

to my husband Idan for the unlimited support. To Gili and Hadar, thank you for 

making this period enjoyable.  

 

 

 
 



❈♦♥t❡♥ts

✶ ❆❜str❛❝t ✶

✷ ◆♦t❛t✐♦♥s ✷

✸ ■♥tr♦❞✉❝t✐♦♥ ✸

✹ ▲✐t❡r❛t✉r❡ ❘❡✈✐❡✇ ✹

✺ ❇❛❝❦❣r♦✉♥❞ ✻
✺✳✶ ❈♦♠♣✉t❡r ✈✐s✐♦♥ ❛❧❣♦r✐t❤♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻
✺✳✷ ❙▲❆▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
✺✳✸ P❧❛♥♥✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✻ ❈♦♥tr✐❜✉t✐♦♥ ✽

✼ Pr♦❜❛❜✐❧✐st✐❝ ❋♦r♠✉❧❛t✐♦♥ ✾
✼✳✶ ❙▲❆▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✼✳✷ ❇❡❧✐❡❢ ❙♣❛❝❡ P❧❛♥♥✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✽ ❆♣♣r♦❛❝❤ ✶✷
✽✳✶ ❈♦♥❝❡♣t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
✽✳✷ ❱✐❡✇♣♦✐♥t ❆✇❛r❡ ❇❙P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✽✳✷✳✶ ❉❡✜♥❡ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✽✳✷✳✷ ❊①❛♠✐♥❛t✐♦♥ ♦❢ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ❞❡r✐✈❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✽✳✷✳✸ ❋✉❧❧ ❞❡r✐✈❛t✐♦♥ ♦❢ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✾ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❞❡t❛✐❧s ✷✷

✶✵ ❘❡s✉❧ts ✷✺
✶✵✳✶ ❙❝❡♥❛r✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺
✶✵✳✷ ❘❡s✉❧ts ❡①❛♠✐♥❛t✐♦♥ ✲ ♦♥❡ ❧❛♥❞♠❛r❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✶✵✳✷✳✶ ❙▲❆▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✶✵✳✷✳✷ ❙▲❆▼ ✰ P❧❛♥♥✐♥❣✱ ❆ss✉♠✐♥❣ ✐❞❡❛❧ ❧❛♥❞♠❛r❦ ✐❞❡♥t✐✜❝❛t✐♦♥ ✷✾
✶✵✳✷✳✸ ❙▲❆▼ ✰ P❧❛♥♥✐♥❣✱ ▼♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ ✐❞❡♥t✐✜❝❛t✐♦♥ ✳ ✳ ✸✶
✶✵✳✷✳✹ ❘❡s✉❧ts ❝♦♥❝❧✉s✐♦♥s ✲ ♦♥❡ ❧❛♥❞♠❛r❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✶✵✳✸ ❘❡s✉❧ts ❡①❛♠✐♥❛t✐♦♥ ✲ ♠✉❧t✐♣❧❡ ❧❛♥❞♠❛r❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✶✶ ❈♦♥❝❧✉s✐♦♥s ✹✶

✶✷ ❆♣♣❡♥❞✐① ✲ ❈♦♠♣❧❡t❡ ❉❡r✐✈❛t✐♦♥ ♦❢ ❙▲❆▼ ❊q✉❛t✐♦♥s ✹✷



▲✐st ♦❢ ❋✐❣✉r❡s

✶ ❙❛♠❡ ♦❜❥❡❝t ❢r♦♠ ❞✐✛❡r❡♥t ✈✐❡✇ ♣♦✐♥ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻
✷ ▲❖❙ ❉❡s❝r✐♣t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
✸ ❘❡❝♦❣♥✐t✐♦♥ ♦❢ ❛♥ ♦❜❥❡❝t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✹ ❈♦♥❝❡♣t ❞❡s❝r✐♣t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✺ γi,j ❞❡✜♥✐t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
✻ ❉❡t❡r♠✐♥❛t✐♦♥ ♣r♦❝❡ss ❛❜♦✉t ♠❡❛s✉r❡♠❡♥t ❛❝q✉✐r❡♠❡♥t✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✼ ▲❖❙ ❉❡s❝r✐♣t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✽ ❚r❛❥❡❝t♦r✐❡s ❞❡✜♥✐t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
✾ ❖♥❡ ❧❛♥❞♠❛r❦✱ ❙▲❆▼✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✶✵ ❖♥❡ ❧❛♥❞♠❛r❦✱ ❙▲❆▼✱ sq✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✶✶ ❖♥❡ ❧❛♥❞♠❛r❦✱ ❙❧❛♠✰P❧❛♥♥✐♥❣ ✱ ❲✐t❤♦✉t ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦

r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✶✷ ❖♥❡ ❧❛♥❞♠❛r❦✱ ❙❧❛♠✰P❧❛♥♥✐♥❣✱ sq✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡✱

❲✐t❤♦✉t ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
✶✸ ❖♥❡ ❧❛♥❞♠❛r❦✱ ❙❧❛♠✰P❧❛♥♥✐♥❣✱ ❲✐t❤ ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲

✐❞❡♥t✐✜❝❛t✐♦♥s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷
✶✹ ❖♥❡ ❧❛♥❞♠❛r❦✱ ❙❧❛♠✰P❧❛♥♥✐♥❣✱ sq✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡✱

❲✐t❤ ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
✶✺ ▼✉❧t✐♣❧❡ ❧❛♥❞♠❛r❦s✱ ❙▲❆▼✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺
✶✻ ▼✉❧t✐♣❧❡ ❧❛♥❞♠❛r❦s✱ ❙▲❆▼✱ sq✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡✳ ✳ ✳ ✳ ✸✻
✶✼ ▼✉❧t✐♣❧❡ ❧❛♥❞♠❛r❦s✱ ❙❧❛♠✰P❧❛♥♥✐♥❣✱ ❲✐t❤♦✉t ♠♦❞❡❧✐♥❣ ❧❛♥❞✲

♠❛r❦ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
✶✽ ▼✉❧t✐♣❧❡ ❧❛♥❞♠❛r❦s✱ ❙❧❛♠✰P❧❛♥♥✐♥❣✱ sq✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡

tr❛❝❡✱ ❲✐t❤♦✉t ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽
✶✾ ▼✉❧t✐♣❧❡ ❧❛♥❞♠❛r❦s✱ ❙❧❛♠✰P❧❛♥♥✐♥❣✱ ❲✐t❤ ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦

r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
✷✵ ▼✉❧t✐♣❧❡ ❧❛♥❞♠❛r❦s✱ ❙❧❛♠✰P❧❛♥♥✐♥❣✱ sq✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡

tr❛❝❡✱ ❲✐t❤ ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵



✶ ❆❜str❛❝t

❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛✉t♦♥♦♠♦✉s ♥❛✈✐❣❛t✐♦♥ ✐♥ ✉♥❦♥♦✇♥ ♦r ✉♥❝❡rt❛✐♥
❡♥✈✐r♦♥♠❡♥ts✱ ✇❤✐❝❤ ✐s ♦❢ ✐♥t❡r❡st ✐♥ ♥✉♠❡r♦✉s r♦❜♦t✐❝s ❛♣♣❧✐❝❛t✐♦♥s✱ s✉❝❤ ❛s
♥❛✈✐❣❛t✐♦♥ ✐♥ ●P❙✲❞❡♣r✐✈❡❞ ❡♥✈✐r♦♥♠❡♥ts✱ ♠❛♣♣✐♥❣ ❛♥❞ ✸❉ r❡❝♦♥str✉❝t✐♦♥✱ ❛♥❞
t❛r❣❡t tr❛❝❦✐♥❣✳ ■♥ ❧❛❝❦ ♦❢ s♦✉r❝❡s ♦❢ ❛❜s♦❧✉t❡ ✐♥❢♦r♠❛t✐♦♥ ✭❡✳❣✳ ●P❙✮✱ t❤❡
r♦❜♦t ❤❛s t♦ ✐♥❢❡r ✐ts ♦✇♥ st❛t❡ ❛♥❞ ❝r❡❛t❡ ❛ ♠♦❞❡❧ ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❜❛s❡❞ ♦♥
s❡♥s♦r ♦❜s❡r✈❛t✐♦♥s✱ ❛ ♣r♦❜❧❡♠ ❦♥♦✇♥ ❛s s✐♠✉❧t❛♥❡♦✉s ❧♦❝❛❧✐③❛t✐♦♥ ❛♥❞ ♠❛♣♣✐♥❣
✭❙▲❆▼✮✳ ▼♦r❡♦✈❡r✱ ✐t ❤❛s t♦ ♣❧❛♥ ❛❝t✐♦♥s✱ ✐♥ ♦r❞❡r t♦ ❛❝❝♦♠♣❧✐s❤ ❣✐✈❡♥ ❣♦❛❧s
✇❤✐❧❡ r❡❧②✐♥❣ ♦♥ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐❞❡❞ ❜② t❤❡ ✐♥❢❡r❡♥❝❡ ✭❡st✐♠❛t✐♦♥✮ ♣r♦❝❡ss✳ ❚❤❡
✐♥❢❡rr❡❞ st❛t❡✱ ❡✳❣✳ r♦❜♦t ♣♦s❡s ❛♥❞ ✸❉ ❧❛♥❞♠❛r❦s✱ ❝❛♥♥♦t ❜❡ ❛ss✉♠❡❞ ♣❡r❢❡❝t❧②
❦♥♦✇♥ ❜❡❝❛✉s❡ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ❞②♥❛♠✐❝s ❛r❡ st♦❝❤❛st✐❝❀ ❤❡♥❝❡✱ ♣❧❛♥♥✐♥❣
❢✉t✉r❡ ❛❝t✐♦♥s ❤❛s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❞✐✛❡r❡♥t s♦✉r❝❡s ♦❢ ✉♥❝❡rt❛✐♥t②✳ ❚❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❜❧❡♠ ✐s ❦♥♦✇♥ ❛s ❜❡❧✐❡❢ s♣❛❝❡ ♣❧❛♥♥✐♥❣ ✭❇❙P✮✳

❆♥ ❡ss❡♥t✐❛❧ ✐♥❣r❡❞✐❡♥t ✐♥ ❙▲❆▼ ❛♥❞ ❇❙P ♣r♦❜❧❡♠s ✐s ❝♦rr❡❝t ❛ss♦❝✐❛t✐♦♥
♦❢ ❧❛♥❞♠❛r❦s ♦❜s❡r✈❡❞ ❜② r♦❜♦t s❡♥s♦rs ✭❡✳❣✳ ❝❛♠❡r❛✮✱ ❛s ✐♥❝♦rr❡❝t ❛ss♦❝✐❛t✐♦♥
♠✐❣❤t ❧❡❛❞ t♦ ✇r♦♥❣ ❡st✐♠❛t✐♦♥ ❛♥❞ t♦ ❝❛t❛str♦♣❤✐❝ r❡s✉❧ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
❛❜✐❧✐t② t♦ r❡✲✐❞❡♥t✐❢② ❛ ♣r❡✈✐♦✉s❧② ♦❜s❡r✈❡❞ ♦❜❥❡❝t ❝❛♥ ❜❡ ❝❤❛❧❧❡♥❣✐♥❣✱ ❡s♣❡❝✐❛❧❧②
❝♦♥s✐❞❡r✐♥❣ ✐♠❛❣❡s t❛❦❡♥ ❛✐r❜♦r♥❡ ♦r ♦♥ t❤❡ ❣r♦✉♥❞ ✇✐t❤ s❤❛❧❧♦✇ ✈✐❡✇♣♦✐♥ts ✕
❛♥ ♦❜❥❡❝t ♠❛② ❧♦♦❦ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ✇❤❡♥ ♦❜s❡r✈❡❞ ❢r♦♠ ❞✐✛❡r❡♥t ❛♥❣❧❡s✳
❨❡t✱ st❛t❡ ♦❢ t❤❡ ❛rt ❇❙P ❛♣♣r♦❛❝❤❡s t②♣✐❝❛❧❧② ❝♦♥s✐❞❡r ♣❡r❢❡❝t ❛❜✐❧✐t② t♦ r❡✲
✐❞❡♥t✐❢② ❛♥ ♦❜❥❡❝t✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ❞❡✈❡❧♦♣ ❛ ✈✐❡✇♣♦✐♥t ❛✇❛r❡ ❇❙P ❛♣♣r♦❛❝❤
❜② ♠♦❞❡❧✐♥❣ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ❛s♣❡❝ts ✇✐t❤✐♥ t❤❡ ♣❧❛♥♥✐♥❣ ♣❤❛s❡✳ ❲❡ st✉❞② ♦✉r
❛♣♣r♦❛❝❤ ✐♥ s✐♠✉❧❛t✐♦♥✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛✉t♦♥♦♠♦✉s❧② r❡❛❝❤✐♥❣ ❛
❣♦❛❧ ✇✐t❤ ❤✐❣❤❡st ❡st✐♠❛t✐♦♥ ❛❝❝✉r❛❝② ✐♥ ❛ ●P❙✲❞❡♣r✐✈❡❞ ✉♥❦♥♦✇♥ ❡♥✈✐r♦♥♠❡♥t✳

✶



✷ ◆♦t❛t✐♦♥s

xk ❘♦❜♦t st❛t❡ ✭❡✳❣✳ ♣♦s❡✮ ❛t t✐♠❡ tk

lj ❈♦♦r❞✐♥❛t❡s ♦❢ ❧❛♥❞♠❛r❦ ♥✉♠❜❡r j

Lk ❲♦r❧❞ st❛t❡✱ ❝♦♠♣r✐s✐♥❣ ❧❛♥❞♠❛r❦s {lj} ♠❛♣♣❡❞ ✉♥t✐❧ t✐♠❡ tk

Xk ❚❤❡ ❥♦✐♥t st❛t❡ ❛t t✐♠❡ tk✿ Xk
.
= {x0, ..., xk, Lk} ✭❛ss✉♠❡s ❛ st❛t✐❝

❡♥✈✐r♦♥♠❡♥t✮

Zi ❆✈❛✐❧❛❜❧❡ ♦❜s❡r✈❛t✐♦♥s ❛t t✐♠❡ ti✿ Zi = {zi,1, ..., zi,ni
}

ni ◆✉♠❜❡r ♦❢ ♦❜s❡r✈❡❞ ❧❛♥❞♠❛r❦s ❛t t✐♠❡ ti

zi,j ❆ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ jt❤ ❧❛♥❞♠❛r❦ ❛t t✐♠❡ ti

Xo
i ■♥✈♦❧✈❡❞ ✈❛r✐❛❜❧❡s ✭Xo

i ⊆ Xi✮ ✐♥ ✐♥❞✐✈✐❞✉❛❧ ♠❡❛s✉r❡♠❡♥t ♠♦❞❡❧s
t❤❛t ❝♦rr❡s♣♦♥❞ t♦ ♦❜s❡r✈❛t✐♦♥s Zi

Z0:k ❆❧❧ t❤❡ ❛✈❛✐❧❛❜❧❡ ♦❜s❡r✈❛t✐♦♥s ✉♥t✐❧ t✐♠❡ tk✿ Z0:k
.
= {Z0, ..., Zk}

ui ❈♦♥tr♦❧ ❛❝t✐♦♥ ❛♣♣❧✐❡❞ ❛t t✐♠❡ ti

u0:k ❆❧❧ ❝♦♥tr♦❧s ✉♥t✐❧ t✐♠❡ tk✿ u0:k
.
= {uo, ..., uk}

❲❡ ✉s❡ ǫ ∼ N(µ,Λ−1) t♦ ❞❡♥♦t❡ ❛ ●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ǫ ✇✐t❤ ♠❡❛♥ µ

❛♥❞ ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① Λ ✭✐♥✈❡rs❡ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✮

✷



✸ ■♥tr♦❞✉❝t✐♦♥

❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛✉t♦♥♦♠♦✉s ♥❛✈✐❣❛t✐♦♥ ✐♥ ✉♥❦♥♦✇♥ ♦r ✉♥❝❡rt❛✐♥
❡♥✈✐r♦♥♠❡♥ts✱ ✇❤✐❝❤ ✐s ♦❢ ✐♥t❡r❡st ✐♥ ♥✉♠❡r♦✉s r♦❜♦t✐❝s ❛♣♣❧✐❝❛t✐♦♥s✱ ❢♦r ❡①❛♠✲
♣❧❡✱ ✐t ♠❛② ❜❡ ✉s❡❞ ❢♦r ❡①♣❧♦r❛t✐♦♥ ✉♥❞❡r ✇❛t❡r✱ ❡①♣❧♦r❛t✐♦♥ ✐♥ s♣❛❝❡ ♦r ❢♦r
♥❛✈✐❣❛t✐♦♥ ✐♥ ❛♥② ♦t❤❡r ●P❙✲❞❡♣r✐✈❡❞ ❡♥✈✐r♦♥♠❡♥ts✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ✇❛♥t t♦
♣❧❛♥ ❛ s✉✐t❛❜❧❡ ❝♦♥tr♦❧ str❛t❡❣② ✐♥ ♦r❞❡r t♦ ❛❝❝♦♠♣❧✐s❤ ❛ ❣✐✈❡♥ t❛s❦✱ ❢♦r ❡①❛♠✲
♣❧❡ r❡❛❝❤✐♥❣ ❛ ❝❡rt❛✐♥ ❣♦❛❧ ✇✐t❤ ❤✐❣❤❡st ❡st✐♠❛t✐♦♥ ❛❝❝✉r❛❝② ❛♥❞ ♣♦ss✐❜❧② ♦t❤❡r
♦❜❥❡❝t✐✈❡s✳

❲❡ ✉s❡ s✐♠✉❧t❛♥❡♦✉s ❧♦❝❛❧✐③❛t✐♦♥ ❛♥❞ ♠❛♣♣✐♥❣ ✭❙▲❆▼✮ ✐♥ ♦r❞❡r t♦ ✐♥❢❡r t❤❡
st❛t❡ ♦❢ t❤❡ r♦❜♦t ❛♥❞ ♠❛♣ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ■♥ ♦r❞❡r t♦ ♥❛✈✐❣❛t❡ ✐♥ ✉♥❦♥♦✇♥
❡♥✈✐r♦♥♠❡♥t✱ ❛♥❞ ✐♥ ❧❛❝❦ ♦❢ s♦✉r❝❡s ♦❢ ❛❜s♦❧✉t❡ ✐♥❢♦r♠❛t✐♦♥ ✭❡✳❣✳ ●P❙✮ t❤❡
r♦❜♦t ❤❛s t♦ ✐♥❢❡r ✐ts ♦✇♥ st❛t❡ ❛♥❞ ❝r❡❛t❡ ❛ ♠♦❞❡❧ ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❜❛s❡❞ ♦♥
s❡♥s♦r ♦❜s❡r✈❛t✐♦♥s✳

■♥ ♦r❞❡r t♦ ♣❧❛♥ ❛ s✉✐t❛❜❧❡ ❝♦♥tr♦❧ str❛t❡❣② t♦ ❛❝❝♦♠♣❧✐s❤ ❛ ❣✐✈❡♥ t❛s❦✱ ✇❡ ✉s❡
❜❡❧✐❡❢ s♣❛❝❡ ♣❧❛♥♥✐♥❣ ❛♣♣r♦❛❝❤ ✭❇❙P✮✱ ✇❤✐❧❡ r❡❧②✐♥❣ ♦♥ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐❞❡❞ ❜②
t❤❡ ✐♥❢❡r❡♥❝❡ ✭❡st✐♠❛t✐♦♥✮ ♣r♦❝❡ss✳ ❚❤❡ ✐♥❢❡rr❡❞ st❛t❡✱ ❡✳❣✳ r♦❜♦t ♣♦s❡s ❛♥❞ ✸❉
❧❛♥❞♠❛r❦s✱ ❝❛♥♥♦t ❜❡ ❛ss✉♠❡❞ ♣❡r❢❡❝t❧② ❦♥♦✇♥ ❜❡❝❛✉s❡ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛♥❞
❞②♥❛♠✐❝s ❛r❡ st♦❝❤❛st✐❝❀ ❤❡♥❝❡✱ ♣❧❛♥♥✐♥❣ ❢✉t✉r❡ ❛❝t✐♦♥s ❤❛s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
❞✐✛❡r❡♥t s♦✉r❝❡s ♦❢ ✉♥❝❡rt❛✐♥t②✳

❊①✐st✐♥❣ ❇❙P ❛♣♣r♦❛❝❤❡s✱ ❝♦♥s✐❞❡r ♣❡r❢❡❝t ❛❜✐❧✐t② t♦ r❡✲✐❞❡♥t✐❢② ❛♥ ♦❜❥❡❝t✳
❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❢❛r ❢r♦♠ t❤❡ r❡❛❧ ✇♦r❧❞ ✲ t❤❡ ❛❜✐❧✐t② t♦ r❡✲✐❞❡♥t✐❢② ❛ ♣r❡✈✐♦✉s❧②
♦❜s❡r✈❡❞ ♦❜❥❡❝t ❝❛♥ ❜❡ ❝❤❛❧❧❡♥❣✐♥❣✱ ❛♥ ♦❜❥❡❝t ♠❛② ❧♦♦❦ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t
✇❤❡♥ ♦❜s❡r✈❡❞ ❢r♦♠ ❞✐✛❡r❡♥t ❛♥❣❧❡s✳ ❆♥ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❛ s♣❡❝✐✜❝ ♦❜❥❡❝t ✐s
♣♦ss✐❜❧❡ ✉♥❞❡r s❡✈❡r❛❧ ❝♦♥❞✐t✐♦♥s✿ ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❛♠❡r❛ ✈✐❡✇♣♦✐♥t✱ s❡♥s♦r
❝❛♣❛❜✐❧✐t✐❡s ❛♥❞ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❜✐❧✐t✐❡s✳ ■♥❝♦rr❡❝t ❛ss♦❝✐❛t✐♦♥ ♠✐❣❤t ❧❡❛❞
t♦ ✇r♦♥❣ ❡st✐♠❛t✐♦♥✱ ✇r♦♥❣ ♣❧❛♥♥✐♥❣ ❛♥❞ t♦ ❝❛t❛str♦♣❤✐❝ r❡s✉❧ts✳

■♥ t❤✐s ✇♦r❦ ✇❡ r❡❧❛① t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❛ss✉♠♣t✐♦♥ ✐♥ ❡①✐st✐♥❣ ❜❡❧✐❡❢ s♣❛❝❡
♣❧❛♥♥✐♥❣ ❛♣♣r♦❛❝❤❡s r❡❣❛r❞✐♥❣ ♦❜❥❡❝t ✐❞❡♥t✐✜❝❛t✐♦♥ ❢r♦♠ ❛r❜✐tr❛r② ✈✐❡✇♣♦✐♥ts✳
❚♦ t❤❛t ❡♥❞✱ ✇❡ ♠♦❞❡❧ ♦❜❥❡❝t ✐❞❡♥t✐✜❝❛t✐♦♥ ❜♦t❤ ✐♥ ❙▲❆▼ ♣❛rt ❛♥❞ ♣❧❛♥♥✐♥❣
♣❛rt✱ ❛♥❞ st✉❞② ♦✉r ❛♣♣r♦❛❝❤ ✐♥ s✐♠✉❧❛t✐♦♥✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛✉✲
t♦♥♦♠♦✉s❧② r❡❛❝❤✐♥❣ ❛ ❣♦❛❧ ✇✐t❤ ❤✐❣❤❡st ❡st✐♠❛t✐♦♥ ❛❝❝✉r❛❝② ✐♥ ❛ ●P❙✲❞❡♣r✐✈❡❞
✉♥❦♥♦✇♥ ❡♥✈✐r♦♥♠❡♥t✳

✸



✹ ▲✐t❡r❛t✉r❡ ❘❡✈✐❡✇

■♥ ♦r❞❡r t♦ ♥❛✈✐❣❛t❡ ✐♥ ❛♥ ✉♥❦♥♦✇♥ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ✐♥ ❧❛❝❦ ♦❢ s♦✉r❝❡s ♦❢ ❛❜s♦✲
❧✉t❡ ✐♥❢♦r♠❛t✐♦♥ ✭s✉❝❤ ❛s ●P❙✮✱ t❤❡ r♦❜♦t ❤❛s t♦ ✐♥❢❡r ✐ts ♦✇♥ st❛t❡ ❛♥❞ t♦ ❝r❡❛t❡
❛ ♠♦❞❡❧ ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❜❛s❡❞ ♦♥ s❡♥s♦r ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♣r♦❜❧❡♠ ✐s ❦♥♦✇♥ ❛s s✐♠✉❧t❛♥❡♦✉s ❧♦❝❛❧✐③❛t✐♦♥ ❛♥❞ ♠❛♣♣✐♥❣ ✭❙▲❆▼✮ ❛♥❞ ❤❛s
❜❡❡♥ ❡①t❡♥s✐✈❡❧② ✐♥✈❡st✐❣❛t❡❞ ❜② t❤❡ r♦❜♦t✐❝s ❝♦♠♠✉♥✐t② ✭❑❛❡ss ❡t ❛❧✳✱ ✷✵✶✷ ❬✺❪❀
❑♦♥♦❧✐❣❡ ❡t ❛❧✳✱ ✷✵✶✵ ❬✽❪❀ ❑❛❡ss ❡t ❛❧✳✱ ✷✵✵✽ ❬✻❪✮✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛❝t✐✈❡ ❛s♣❡❝ts ♦❢ t❤✐s ♣r♦❜❧❡♠✱ ✐✳❡✳ ❤♦✇ t♦ ❞❡t❡r♠✐♥❡ ❜❡st
r♦❜♦t ❛❝t✐♦♥s✱ ♣r❡s❡♥t ♥✉♠❡r♦✉s ✉♥r❡s♦❧✈❡❞ ❝❤❛❧❧❡♥❣❡s t❤❛t ❛r❡ ♦❢ ♣r✐♠❡ ✐♠♣♦r✲
t❛♥❝❡ ❢♦r ♥❡①t ❣❡♥❡r❛t✐♦♥ ♦❢ ❛✉t♦♥♦♠♦✉s r♦❜♦t✐❝ s②st❡♠s✳ ❚❤❡ ❝♦♠♣❧❡①✐t② st❡♠s
❢r♦♠ t❤❡ ❢❛❝t t❤❛t r♦❜♦t ♣♦s✐t✐♦♥ ❝❛♥♥♦t ❜❡ ❛ss✉♠❡❞ ♣❡r❢❡❝t❧② ❦♥♦✇♥ ❜❡❝❛✉s❡
t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ❞②♥❛♠✐❝s ❛r❡ st♦❝❤❛st✐❝✿ r♦❜♦t ♣♦s✐t✐♦♥ ❛❢t❡r ❛♣♣❧②✐♥❣ ❛
♠♦t✐♦♥ ❝♦♠♠❛♥❞ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♣r❡❞✐❝t❡❞ ♣♦s✐t✐♦♥ ❞✉❡ t♦ ❛❝t✉❛t✐♦♥ ♥♦✐s❡✱
s❡♥s♦r ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❝♦rr✉♣t❡❞ ✇✐t❤ ♥♦✐s❡✱ ❛♥❞ t❤✉s r♦❜♦t st❛t❡ ✐s ❛❧✇❛②s ❡s✲
t✐♠❛t❡❞ ✇✐t❤ s♦♠❡ ❡rr♦r✳ ❚❤✐s ✐s ❡s♣❡❝✐❛❧❧② t❤❡ ❝❛s❡ ✇❤❡♥ ♦♣❡r❛t✐♥❣ ✐♥ ❧❛❝❦ ♦❢
s♦✉r❝❡s ♦❢ ❛❜s♦❧✉t❡ ✐♥❢♦r♠❛t✐♦♥✱ s✉❝❤ ❛s ●P❙✳ P❧❛♥♥✐♥❣ ❢✉t✉r❡ ❛❝t✐♦♥s t❤❡r❡❢♦r❡
❤❛s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❞✐✛❡r❡♥t s♦✉r❝❡s ♦❢ ✉♥❝❡rt❛✐♥t②✳ ▼♦r❡♦✈❡r✱ t❤❡
r♦❜♦t ❞♦❡s ♥♦t ❦♥♦✇✱ ❛✲♣r✐♦r✐✱ ✇❤✐❝❤ ♠❡❛s✉r❡♠❡♥ts ✇✐❧❧ ❜❡ ❛❝q✉✐r❡❞ ❛♥❞ ✇❤❛t
t❤❡ ❢✉t✉r❡ s❡♥s♦r r❡❛❞✐♥❣s ✇✐❧❧ ❜❡✳ ❆ ❢✉rt❤❡r s♦✉r❝❡ ♦❢ ❝♦♠♣❧❡①✐t② ✐s t❤❛t t❤❡
♠♦t✐♦♥ str❛t❡❣② ❞✐r❡❝t❧② ✐♥✢✉❡♥❝❡s t❤❡ ❛♠♦✉♥t ❛♥❞ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❛❝q✉✐r❡❞
♠❡❛s✉r❡♠❡♥ts✱ ♠❛❦✐♥❣ ♣❧❛♥♥✐♥❣ ❛♥❞ ❡st✐♠❛t✐♦♥ ❡✈❡♥ ♠♦r❡ ❝♦✉♣❧❡❞✳

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❜❧❡♠ ✐s ❦♥♦✇♥ ❛s ♣❧❛♥♥✐♥❣ ✐♥ t❤❡ ❜❡❧✐❡❢ s♣❛❝❡✱ ✇❤❡r❡
t❤❡ ❜❡❧✐❡❢ r❡♣r❡s❡♥ts ❛ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣♦ss✐❜❧❡ r❡❛❧✐③❛t✐♦♥s ♦❢ r♦❜♦t st❛t❡ ❛♥❞ ♠❛②
❛❧s♦ ✐♥❝❧✉❞❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t ♠♦❞❡❧ ✭♣♦s✐t✐♦♥ ♦❢ ✸❉ ❧❛♥❞♠❛r❦s
✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✮ ❛t ❛♣♣r♦♣r✐❛t❡ t✐♠❡ ✐♥st❛♥❝❡s✳

❚❤❡r❡ ❛r❡ ❛ ❢❡✇ ❛♣♣r♦❛❝❤❡s ❞❡❛❧✐♥❣ ✇✐t❤ ♣❧❛♥♥✐♥❣ ✉♥❞❡r ✉♥❝❡rt❛✐♥t②✿ ✭❛✮
❉✐s❝r❡t✐③❛t✐♦♥ ✲ t❤♦s❡ ❛♣♣r♦❛❝❤❡s ❛♣♣r♦①✐♠❛t❡ t❤❡ st❛t❡ s♣❛❝❡ ♦r t❤❡ ♣♦ss✐❜❧❡
❝♦♥tr♦❧ s♣❛❝❡ ❛s ✜♥✐t❡ s❡ts✳ ■♥ t❤✐s ❛♣♣r♦❛❝❤✱ t❤❡ ❝♦♥tr♦❧ ❛❝t✐♦♥ ✐s s❡❧❡❝t❡❞
❢r♦♠ ❛♠♦♥❣ ❛ ✜♥✐t❡ s❡t ♦❢ ❝❛♥❞✐❞❛t❡ ❝♦♥tr♦❧ ❛❝t✐♦♥s ✭❈❤❛✈❡s ❡t ❛❧✳✱ ✷✵✶✹ ❬✶❪
❀ ❙t❛❝❤♥✐ss ❡t ❛❧✳✱ ✷✵✵✺ ❬✶✸❪✮ ✭❜✮ Pr✐♦r ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✲ t❤♦s❡
❛♣♣r♦❛❝❤❡s ❛ss✉♠❡ t❤❛t ♣r✐♦r ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✐s ❛✈❛✐❧❛❜❧❡ ❛♥❞ t❤❡
❜❡❧✐❡❢ r❡♣r❡s❡♥ts ♦♥❧② r♦❜♦t ♣♦s✐t✐♦♥✳ ✭❱❛♥ ❉❡♥ ❇❡r❣ ❡t ❛❧✳✱ ✷✵✶✷ ❬✶✹❪ ❀ Pr❡♥t✐❝❡
❛♥❞ ❘♦②✱ ✷✵✵✾ ❬✶✷❪✮✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❱❛♥ ❉❡♥ ❇❡r❣ ❡t ❛❧✳✱ ✷✵✶✷ ❬✶✹❪ ❝♦♥s✐❞❡r t❤❡r❡ ❛r❡ s♦✉r❝❡s ♦❢
❛❜s♦❧✉t❡ ✐♥❢♦r♠❛t✐♦♥ ✭s✉❝❤ ❛s ●P❙ ♦r ❦♥♦✇♥ ❧❛♥❞♠❛r❦s✮ ❛♥❞ t❤❛t t❤❡ ❜❡❧✐❡❢
♦♥❧② r❡♣r❡s❡♥ts ✉♥❝❡rt❛✐♥t② ✐♥ r♦❜♦t st❛t❡✳ P❧❛♥♥✐♥❣ ✐♥ t❤❡ ❜❡❧✐❡❢ s♣❛❝❡ ✐s ❞♦♥❡
✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❞♦♠❛✐♥✳ ❚❤❡② tr❡❛t ❢✉t✉r❡ ♠❡❛s✉r❡♠❡♥ts ❛s r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
❜✉t ❞♦ ♥♦t ♠♦❞❡❧ t❤❡ ✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ ❢❛❝t t❤❛t ❛ ❢✉t✉r❡ ♠❡❛s✉r❡♠❡♥t ♠❛②
❜❡ ❛❝q✉✐r❡❞ ♦r ♥♦t✳

❚❤❡ ❝❧♦s❡st ✇♦r❦ t♦ ♦✉r r❡s❡❛r❝❤ ✐s t❤❡ ✇♦r❦ ❜② ■♥❞❡❧♠❛♥ ❡t ❛❧✳✱ ✷✵✶✺ ❬✹❪✱
✇❤✐❝❤ ❛ss✉♠❡ ❛ ❝♦♠♣❧❡t❡❧② ✉♥❦♥♦✇♥ ♦r ✉♥❝❡rt❛✐♥ ❡♥✈✐r♦♥♠❡♥t✱ ❛♥❞ ♠♦❞❡❧ t❤✐s
s♦✉r❝❡ ♦❢ ✉♥❝❡rt❛✐♥t② ❛s ♣❛rt ♦❢ t❤❡ ❜❡❧✐❡❢ s♣❛❝❡✳ ❚❤❡② ❛✈♦✐❞ ❞✐s❝r❡t✐③❛t✐♦♥ ❜②
✇♦r❦✐♥❣ ✐♥ ❝♦♥t✐♥✉♦✉s ❝♦♥tr♦❧ ❛♥❞ st❛t❡ s♣❛❝❡ ❞♦♠❛✐♥✳ ❍♦✇❡✈❡r✱ ❛♥ ✐♠♣❧✐❝✐t
❛ss✉♠♣t✐♦♥ ♠❛❞❡ ✐♥ ■♥❞❡❧♠❛♥ ❡t ❛❧✳✱ ✷✵✶✺ ❬✹❪ ❛♥❞ ♦t❤❡r r❡❧❛t❡❞ ❛♣♣r♦❛❝❤❡s ✐s
t❤❡ ❛❜✐❧✐t② t♦ ✐❞❡♥t✐❢② ❛ ♣r❡✈✐♦✉s❧② ♦❜s❡r✈❡❞ ♦❜❥❡❝t ♦r ❛r❡❛ ❢r♦♠ ❛♥② ✈✐❡✇♣♦✐♥t✳

✹



❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❢❛r ❢r♦♠ t❤❡ r❡❛❧ ✇♦r❧❞✳ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❛ s♣❡❝✐✜❝ ♦❜❥❡❝t ✐s
♣♦ss✐❜❧❡ ✉♥❞❡r s❡✈❡r❛❧ ❝♦♥❞✐t✐♦♥s✿ ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❛♠❡r❛ ✈✐❡✇♣♦✐♥t✱ s❡♥s♦r
❝❛♣❛❜✐❧✐t✐❡s ❛♥❞ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❜✐❧✐t✐❡s✳ ❆ ❣✐✈❡♥ ♦❜❥❡❝t ❧♦♦❦s ❝♦♠♣❧❡t❡❧②
❞✐✛❡r❡♥t ✇❤❡♥ ♦♥❡ ♦❜s❡r✈❡s ✐t ❢r♦♠ ❛ ❞✐✛❡r❡♥t ❛♥❣❧❡✳ ❊✈❡♥ ❢♦r ❛ ❤✉♠❛♥ ✐t ✇✐❧❧ ❜❡
❝❤❛❧❧❡♥❣✐♥❣ t♦ r❡❝♦❣♥✐③❡ t❤❡ s❛♠❡ ♦❜❥❡❝t ❢r♦♠ ❛ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥ ✇✐t❤♦✉t ❤❛✈✲
✐♥❣ ❛ ♣r❡✈✐♦✉s ❦♥♦✇❧❡❞❣❡✱ ❛❧❧ t❤❡ ♠♦r❡ s♦ ✐t ✇✐❧❧ ❜❡ ❞✐✣❝✉❧t ❢♦r ❛♥ ❛✉t♦♥♦♠♦✉s
r♦❜♦t✳

▲✐❦❡ ✐♥ ■♥❞❡❧♠❛♥ ❡t ❛❧✳✱ ✷✵✶✺ ❬✹❪✱ ❈❤❛✈❡s ❡t ❛❧✳✱ ✷✵✶✺ ❬✷❪ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
t❤❡ ❢❛❝t t❤❛t ❛ ♠❡❛s✉r❡♠❡♥t ♠❛② ♦r ♠❛② ♥♦t ❜❡ ♦❜t❛✐♥❡❞✱ ❤♦✇❡✈❡r✱ t❤❡② ❞♦ ♥♦t
♠♦❞❡❧ ♦❜❥❡❝t r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ♦r ❞❛t❛ ❛ss♦❝✐❛t✐♦♥ ❛s♣❡❝ts✳

❖t❤❡r r❡❝❡♥t ✇♦r❦s✱ ♠♦❞❡❧ ♦❜❥❡❝t ✐❞❡♥t✐✜❝❛t✐♦♥ ❢r♦♠ ♦t❤❡r ❛s♣❡❝ts ✇❤✐❝❤ ❛r❡
♥♦t r❡❧❛t❡❞ t♦ ♦❜❥❡❝t r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ❢r♦♠ ❞✐✛❡r❡♥t ✈✐❡✇ ❞✐r❡❝t✐♦♥s✿ ❑✐♠ ❛♥❞
❊✉st✐❝❡✱ ✷✵✶✹ ❬✼❪ ❛❞❞r❡ss ❛♥ ❛❝t✐✈❡ ❙▲❆▼ ♣r♦❜❧❡♠✱ ❛ss✉♠❡ ❛♥ ✉♥❦♥♦✇♥ ❡♥✈✐✲
r♦♥♠❡♥t ❛♥❞ ♠♦❞❡❧ s❛❧✐❡♥❝② ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t t❤r♦✉❣❤ t❤❡ ♣❧❛♥♥✐♥❣ ✐✳❡✳ ❤♦✇
✉♥✐q✉❡ ❛♥❞ ❞✐st✐♥❣✉✐s❤❛❜❧❡ ❛r❡ ♣r❡✈✐♦✉s❧② ♦❜s❡r✈❡❞ s❝❡♥❡s✴❧❛♥❞♠❛r❦s✳ ❈❤❛✈❡s
❡t ❛❧✳✱ ✷✵✶✹ ❬✶❪ ❝♦♥s✐❞❡r ❞✐s❝r❡t❡ ❛❝t✐♦♥ s♣❛❝❡❀ t❤❡② ❛❧s♦ ♠♦❞❡❧ s❛❧✐❡♥❝②✱ ❛♥❞ ♣r✐✲
♦r✐t✐③❡ tr❛❥❡❝t♦r✐❡s t❤❛t ❣♦ t❤r♦✉❣❤ ❤✐❣❤✲s❛❧✐❡♥❝② r❡❣✐♦♥s✳ P❛t✐❧ ❡t ❛❧✳✱ ✷✵✶✹ ❬✶✶❪
✇♦r❦ ✐♥ ❛ ❝♦♥t✐♥✉♦✉s ❞♦♠❛✐♥ ❛♥❞ ❝♦♥s✐❞❡r ❞✐s❝♦♥t✐♥✉✐t② ❛s♣❡❝ts✱ ❢♦r ❡①❛♠♣❧❡
❞✉❡ t♦ ❝❛♠❡r❛ ✜❡❧❞ ♦❢ ✈✐❡✇✿ ❛ ❧❛♥❞♠❛r❦ ✇✐t❤✐♥ ❛ ❝❛♠❡r❛ ✜❡❧❞ ♦❢ ✈✐❡✇ ✐s ♠♦❞❡❧❡❞
t♦ ❜❡ ♦❜s❡r✈❡❞✱ ✇❤✐❧❡ ❛ ❧❛♥❞♠❛r❦ ♦✉ts✐❞❡ t❤❡ ✜❡❧❞ ♦❢ ✈✐❡✇ ✐s ♥♦t✳ ❍♦✇❡✈❡r✱ t❤❛t
✇♦r❦ ❢♦❝✉s❡s ♦♥ ♠♦❞❡❧✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛❝q✉✐r✐♥❣ ❛ ♠❡❛s✉r❡♠❡♥t✱ ✇✐t❤♦✉t
❝♦♥s✐❞❡r✐♥❣ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ❛s♣❡❝ts✳

■♥ t❤✐s ✇♦r❦ ✇❡ r❡❧❛① t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❛ss✉♠♣t✐♦♥ ✐♥ ❡①✐st✐♥❣ ❜❡❧✐❡❢ s♣❛❝❡
♣❧❛♥♥✐♥❣ ❛♣♣r♦❛❝❤❡s r❡❣❛r❞✐♥❣ ♦❜❥❡❝t ✐❞❡♥t✐✜❝❛t✐♦♥ ❢r♦♠ ❛r❜✐tr❛r② ✈✐❡✇♣♦✐♥ts✳
❲❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ❛ ❢✉t✉r❡ ♠❡❛s✉r❡♠❡♥t ♠❛② ♦r ♠❛② ♥♦t ❜❡ ❛❝q✉✐r❡❞✱
✇❤✐❧❡ ❡♥❛❜❧✐♥❣ ♦♣❡r❛t✐♦♥ ✐♥ ✉♥❦♥♦✇♥ ❡♥✈✐r♦♥♠❡♥ts✳ ❲❡ ♠♦❞❡❧ ♦❜❥❡❝t ✐❞❡♥t✐✜❝❛✲
t✐♦♥ ❜♦t❤ ✐♥ ❙▲❆▼ ♣❛rt ❛♥❞ ♣❧❛♥♥✐♥❣ ♣❛rt✱ ❛♥❞ ❢♦❝✉s ♦♥ ♦❜❥❡❝t r❡✲✐❞❡♥t✐✜❝❛t✐♦♥
❢r♦♠ ❞✐✛❡r❡♥t ✈✐❡✇♣♦✐♥t ✇❤❡♥ t❤❡ ♦❜❥❡❝t ✐s ♣r❡✈✐♦✉s❧② ♠❛♣♣❡❞✳ ■♥ t❤✐s ✇♦r❦
✇❡ ❞♦ ♥♦t ❛❞❞r❡ss ❞❛t❛ ❛ss♦❝✐❛t✐♦♥ ❛s♣❡❝ts✱ ❛♥❞ r❡❢❡r t♦ r❡❝❡♥t r❡s❡❛r❝❤ ❬✶✵❪✱
✇❤✐❝❤ ✐♥❝♦r♣♦r❛t❡s ❞❛t❛ ❛ss♦❝✐❛t✐♦♥ ❛s♣❡❝ts ✇✐t❤✐♥ ❇❙P✳ ❲❡ ✉s❡ ❛ ❞✐s❝r❡t✐③❡❞
❛❝t✐♦♥ s♣❛❝❡ ❛♥❞ ❝♦♥s✐❞❡r ❛ ❣✐✈❡♥ s❡t ♦❢ ❝❛♥❞✐❞❛t❡ ❛❝t✐♦♥s✱ ♣r♦✈✐❞❡❞ ❜② s♦♠❡
❜❧❛❝❦✲❜♦① ♠❡t❤♦❞✱ ❛♥❞ ❝❤♦♦s❡ t❤❡ ❜❡st ❝♦♥tr♦❧ ❛❝t✐♦♥ s❡q✉❡♥❝❡ ❢r♦♠ t❤✐s s❡t
✇❤✐❧❡ ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ❛s♣❡❝ts✳

✺



✺ ❇❛❝❦❣r♦✉♥❞

✺✳✶ ❈♦♠♣✉t❡r ✈✐s✐♦♥ ❛❧❣♦r✐t❤♠s

❆♥ ❡ss❡♥t✐❛❧ ✐♥❣r❡❞✐❡♥t ✐♥ ❙▲❆▼ ❛♥❞ ❇❙P ♣r♦❜❧❡♠s ✐s ❝♦rr❡❝t ❛ss♦❝✐❛t✐♦♥ ♦❢
❧❛♥❞♠❛r❦s ♦❜s❡r✈❡❞ ❜② r♦❜♦t s❡♥s♦rs ✭❡✳❣✳ ❝❛♠❡r❛✮✱ ❛s ✐♥❝♦rr❡❝t ❛ss♦❝✐❛t✐♦♥
♠✐❣❤t ❧❡❛❞ t♦ ✇r♦♥❣ ❡st✐♠❛t✐♦♥ ❛♥❞ t♦ ❝❛t❛str♦♣❤✐❝ r❡s✉❧ts✳ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❛
s♣❡❝✐✜❝ ♦❜❥❡❝t ✐s ♣♦ss✐❜❧❡ ✉♥❞❡r s❡✈❡r❛❧ ❝♦♥❞✐t✐♦♥s✿ ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❛♠❡r❛
✈✐❡✇♣♦✐♥t✱ s❡♥s♦r ❝❛♣❛❜✐❧✐t✐❡s ❛♥❞ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❜✐❧✐t✐❡s✳

❚❤❡ ❛❜✐❧✐t② t♦ r❡✲✐❞❡♥t✐❢② ❛ ♣r❡✈✐♦✉s❧② ♦❜s❡r✈❡❞ ♦❜❥❡❝t ❝❛♥ ❜❡ ❝❤❛❧❧❡♥❣✐♥❣✱
❛♥ ♦❜❥❡❝t ♠❛② ❧♦♦❦ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ✇❤❡♥ ♦❜s❡r✈❡❞ ❢r♦♠ ❞✐✛❡r❡♥t ❛♥❣❧❡s✳
❋♦r ❡①❛♠♣❧❡✱ ✐♥ ✜❣✉r❡ ✶ t❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t ❢❛❝❡ts ♦❢ t❤❡ s❛♠❡ ❤♦✉s❡ ✲ ❡✈❡♥ ❢♦r ❛
❤✉♠❛♥ ✐t ✇✐❧❧ ❜❡ ❝❤❛❧❧❡♥❣✐♥❣ t♦ ✐❞❡♥t✐❢② t❤❛t t❤♦s❡ t✇♦ ✈✐❡✇s ✐♥❞❡❡❞ r❡♣r❡s❡♥t
t❤❡ s❛♠❡ ♦❜❥❡❝t✱ ❛❧❧ t❤❡ ♠♦r❡ s♦✱ ✐t ✇✐❧❧ ❜❡ ❝❤❛❧❧❡♥❣✐♥❣ ❢♦r ❛ r♦❜♦t✳

❋✐❣✉r❡ ✶✿ ❙❛♠❡ ♦❜❥❡❝t ❢r♦♠ ❞✐✛❡r❡♥t ✈✐❡✇ ♣♦✐♥ts✳

■♥ ♦r❞❡r t♦ r❡❝♦❣♥✐③❡ ❛♥ ♦❜❥❡❝t ❛♥❞ ✏✉♥❞❡rst❛♥❞✑ t❤❡ ✐♠❛❣❡ t❤❛t ✇❛s r❡❝❡✐✈❡❞
✐♥ t❤❡ r♦❜♦t✬s ❝❛♠❡r❛✱ ✇❡ ♥❡❡❞ t♦ ✉s❡ ❝♦♠♣✉t❡r ✈✐s✐♦♥ ❛❧❣♦r✐t❤♠s✳ ❚❤❡ ❞❡❝✐s✐♦♥
✇❤❡t❤❡r ❛ ❧❛♥❞♠❛r❦ ✐s r❡❝♦❣♥✐③❡❞ ❛s ❛ ❧❛♥❞♠❛r❦ t❤❛t ❤❛s ❜❡❡♥ ❛❧r❡❛❞② s❡❡♥
❜❡❢♦r❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛♣♣❧✐❡❞ ❝♦♠♣✉t❡r ✈✐s✐♦♥ ❛❧❣♦r✐t❤♠✳ ❚♦ ❞❡♠♦♥str❛t❡ ❦❡②
❛s♣❡❝ts✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❙■❋❚ ❬✾❪ ❛♥❞ ❘❆◆❙❆❈ ❬✸❪ ❛❧❣♦r✐t❤♠s✳

❙■❋❚ ✐s ❛♥ ❛❧❣♦r✐t❤♠ t♦ ❞❡t❡❝t ❛♥❞ ❞❡s❝r✐❜❡ ❧♦❝❛❧ ❢❡❛t✉r❡s ✐♥ ✐♠❛❣❡s✳ ❚❤✐s
❛❧❣♦r✐t❤♠ ✜♥❞s ✐♥t❡r❡st ♣♦✐♥ts ✭❢❡❛t✉r❡s✮ ✐♥ ❛♥ ✐♠❛❣❡ ❛♥❞ ❣❡♥❡r❛t❡s ❢♦r ❡❛❝❤
♦♥❡ ❛ s✐❣♥❛t✉r❡ ✭❢❡❛t✉r❡ ❞❡s❝r✐♣t✐♦♥✮✳ ■♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② t❤❡ ♦❜❥❡❝t ✐♥ ❛♥♦t❤❡r
✐♠❛❣❡✱ t❤❡ ❢❡❛t✉r❡s ♥❡❡❞ t♦ ❜❡ ❞❡t❡❝t❛❜❧❡ ❛❢t❡r ♣♦ss✐❜❧❡ ❝❤❛♥❣❡s ❧✐❦❡ s❝❛❧✐♥❣✱
r♦t❛t✐♦♥ ❛♥❞ ✐❧❧✉♠✐♥❛t✐♦♥✳ ❊❛❝❤ ❞❡t❡❝t❡❞ ❢❡❛t✉r❡ ✐s ❞❡s❝r✐❜❡❞✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡
❞❡s❝r✐♣t♦r✱ ❜② ✐♠❛❣❡ ❝♦♦r❞✐♥❛t❡s✱ s❝❛❧❡ ❛♥❞ ♦r✐❡♥t❛t✐♦♥✳

■♥ t❤❡ ♥❡①t st❡♣✱ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡t❡r♠✐♥❡s ❝♦rr❡s♣♦♥❞❡♥❝❡s ❜❡t✇❡❡♥ ❞❡s❝r✐♣✲
t♦rs ✐♥ t✇♦ ✈✐❡✇s✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ❝♦♠♣❛r✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❢❡❛t✉r❡ ❞❡s❝r✐♣t♦rs
✭❜❛s❡❞ ♦♥ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ ♦❢ t❤❡✐r ❢❡❛t✉r❡ ✈❡❝t♦rs✮✳ ❍♦✇❡✈❡r✱ ❛❢t❡r t❤✐s st❡♣✱
t❤❡ ♠❛t❝❤✐♥❣ r❡s✉❧ts ♠❛② ❝♦♥t❛✐♥ ❢❛❧s❡ ♠❛t❝❤❡s ✭♦✉t❧✐❡rs✮✱ ❢♦r ❡①❛♠♣❧❡ ❜❡❝❛✉s❡
♦❢ ♥♦✐s❡✱ ♦❝❝❧✉s✐♦♥s✱ ❜❧✉r ♦r s✐❣♥✐✜❝❛♥t ❝❤❛♥❣❡ ✐♥ ❝❛♠❡r❛ ✈✐❡✇✳ ❚❤❡s❡ ❢❛❧s❡
♠❛t❝❤❡s ♠✉st ❜❡ ❢♦✉♥❞ ❛♥❞ r❡♠♦✈❡❞ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❢❛❧s❡ r❡❝♦❣♥✐t✐♦♥✳

✻



❚♦ ✐❞❡♥t✐❢② ❛♥❞ r❡❥❡❝t t❤❡ ❢❛❧s❡ ♠❛t❝❤❡s ✐t ✐s ♥❡❝❡ss❛r② t♦ ✉s❡ ❛ r♦❜✉st ❡st✐♠❛✲
t✐♦♥ ❛❧❣♦r✐t❤♠✱ s✉❝❤ ❛s t❤❡ ❘❆◆❙❆❈ ❛❧❣♦r✐t❤♠ ❬✸❪✳ ❘❆◆❙❆❈ ✐s ❛♥ ❛❧❣♦r✐t❤♠
❢♦r ❡st✐♠❛t✐♥❣ ♣❛r❛♠❡t❡rs ♦❢ ❛ ♠♦❞❡❧ ❢r♦♠ ♥♦✐s② ❞❛t❛ t❤❛t ❝♦♥t❛✐♥s ♦✉t❧✐❡rs ❜②
r❛♥❞♦♠ s❛♠♣❧✐♥❣✳ ❚❤❡ ❜❛s✐❝ ✈❡rs✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦❝❡❡❞s ❛s ❢♦❧❧♦✇s✿

✶✳ ❘❛♥❞♦♠❧② s❛♠♣❧❡ ❛ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✇❤✐❝❤ ✐s s✉✣❝✐❡♥t ❢♦r ♠♦❞❡❧ ❞❡s❝r✐♣✲
t✐♦♥ ✭❢♦r ❡①❛♠♣❧❡ ✲ ✷ ♣♦✐♥ts ❢♦r ❛ ❧✐♥❡✮

✷✳ ❈♦✉♥t t❤❡ ♥✉♠❜❡r ♦❢ ❞❛t❛ ♣♦✐♥ts ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ♠♦❞❡❧

✸✳ ❘❡♣❡❛t st❡♣s ✶ ❛♥❞ ✷ ◆ t✐♠❡s

✹✳ ❈❤♦♦s❡ ♠♦❞❡❧ ✇✐t❤ ♠❛①✐♠✉♠ s✉♣♣♦rt

❍♦✇❡✈❡r✱ ✐♥ ♣r❛❝t✐❝❡✱ ❝♦♠♣✉t❡r ✈✐s✐♦♥ ❛❧❣♦r✐t❤♠s ❛r❡ ❧✐♠✐t❡❞ ✐♥ t❤❡✐r ✐❞❡♥t✐✜✲
❝❛t✐♦♥ ❛❜✐❧✐t②✳ ❚❤✐s ❧✐♠✐t❛t✐♦♥ ❞❡✜♥❡s t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ✇❤✐❝❤ t✇♦ ✈✐❡✇s ♦❢ t❤❡
s❛♠❡ s❝❡♥❡ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ s❛♠❡ ♦❜❥❡❝t❀ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ ❙■❋❚ ❛❧❣♦✲
r✐t❤♠✱ ❛♥ ♦❜❥❡❝t ✇✐❧❧ ❜❡ r❡✲✐❞❡♥t✐✜❡❞ ✇❤❡♥ t❤❡ ❝❤❛♥❣❡ ✐♥ ✈✐❡✇♣♦✐♥t ❞✐r❡❝t✐♦♥ ✐s
✉♣ t♦ ✸✵♦✲✹✵♦✳

■♥ s❡❝t✐♦♥s ✽✳✶ ❛♥❞ ✾ ✇❡ ✇✐❧❧ ✉s❡ t❤✐s ❢❛❝t t♦ ♠♦❞❡❧ ❝❛s❡s ✐♥ ✇❤✐❝❤ t❤❡
❧❛♥❞♠❛r❦ ✇✐❧❧ ❜❡ ✐♥❞❡❡❞ r❡✲✐❞❡♥t✐✜❡❞✳

✺✳✷ ❙▲❆▼

❙✐♠✉❧t❛♥❡♦✉s ❧♦❝❛❧✐③❛t✐♦♥ ❛♥❞ ♠❛♣♣✐♥❣ ✭❙▲❆▼✮✱ ✐s ❛♥ ❛♣♣r♦❛❝❤ t♦ ❡♥❛❜❧❡ ❛
r♦❜♦t t♦ ♥❛✈✐❣❛t❡ ✐♥ ❛♥❞ ♠❛♣ ❛♥ ✉♥❦♥♦✇♥ ❡♥✈✐r♦♥♠❡♥t✳ ■♥ t❤✐s ♣r♦❜❧❡♠ t❤❡
r♦❜♦t ❝♦♥str✉❝ts ❛ ♠❛♣ ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ s✐♠✉❧t❛♥❡♦✉s❧② ❦❡❡♣s tr❛❝❦ ♦❢
✐ts ♣♦s❡ ✭♣♦s✐t✐♦♥ ❛♥❞ ♦r✐❡♥t❛t✐♦♥✮✱ ✉s✐♥❣ ✐♥❝♦♠✐♥❣ s❡♥s♦r ♦❜s❡r✈❛t✐♦♥s ❛♥❞ t❤❡
♠❛♣♣❡❞ ❡♥✈✐r♦♥♠❡♥t t❤✉s ❢❛r✳

❲❤❡♥ ✉s✐♥❣ ♦♥❧② ♦❞♦♠❡tr②✱ ♠❡❛♥✐♥❣ ✉s❡ ♦❢ ❞❛t❛ ❢r♦♠ ♠♦t✐♦♥ s❡♥s♦rs t♦
❡st✐♠❛t❡ ❝❤❛♥❣❡ ✐♥ ♣♦s✐t✐♦♥ ♦✈❡r t✐♠❡✱ t❤❡ ♥❡✇ ♣♦s❡ ✐s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ♣r❡✈✐♦✉s
♣♦s❡ ❛♥❞ t❤❡ ❡st✐♠❛t❡❞ ♠♦t✐♦♥✳ ❚❤✐s ♠❡t❤♦❞ ✐s s❡♥s✐t✐✈❡ t♦ ❡rr♦rs❀ t❤✉s✱ ✉s✐♥❣
♦♥❧② t❤✐s ♠❡t❤♦❞ t❤❡ s♦❧✉t✐♦♥ ✇✐❧❧ ❞r✐❢t ♦✈❡r t✐♠❡✳

❚❤❡r❡❢♦r❡✱ ✐♥ ❙▲❆▼ ✇❡ ✉s❡ t❤❡ ❡♥✈✐r♦♥♠❡♥t t♦ ❝♦rr❡❝t t❤❡ ♣♦s❡ ♦❢ t❤❡ r♦❜♦t✳
❚❤✐s ✐s ❛❝❝♦♠♣❧✐s❤❡❞ ❜② ❡①tr❛❝t✐♥❣ ❢❡❛t✉r❡s ❢r♦♠ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✭❧❛♥❞♠❛r❦s✮
❛♥❞ r❡✲♦❜s❡r✈✐♥❣ t❤❡♠ ✇❤❡♥ t❤❡ r♦❜♦t ♠♦✈❡s ❛r♦✉♥❞✱ ♦❜s❡r✈❛t✐♦♥s t❤❛t ❛r❡
❛❧s♦ ❝❛❧❧❡❞ ❧♦♦♣ ❝❧♦s✉r❡ ♠❡❛s✉r❡♠❡♥ts✳ ❆ t②♣✐❝❛❧ ❙▲❆▼ ♣✐♣❡❧✐♥❡ ✐♥✈♦❧✈❡s ❢r♦♥t✲
❡♥❞ ✭✐♠❛❣❡ ♠❛t❝❤✐♥❣✱ ❞❛t❛ ❛ss♦❝✐❛t✐♦♥✮ ❛♥❞ ❜❛❝❦✲❡♥❞ ✭✐♥❢❡r❡♥❝❡✴♦♣t✐♠✐③❛t✐♦♥✮
♣r♦❝❡ss❡s✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢r♦♥t✲❡♥❞ t♦ ✐❞❡❛❧❧② ❞❡t❡r♠✐♥❡ ❞❛t❛
❛ss♦❝✐❛t✐♦♥✱ ✐✳❡✳ ♥♦ ♦✉t❧✐❡rs✱ ❛s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✳

❚❤❡r❡ ❛r❡ ✈❛r✐♦✉s ❙▲❆▼ ❛♣♣r♦❛❝❤❡s ✇❤✐❝❤ ❞✐✛❡r ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✇❤❛t
✐s ❡st✐♠❛t❡❞ ✭st❛t❡ ✈❡❝t♦r✮ ❛♥❞ ✐♥ t❤❡ ✐♥❢❡r❡♥❝❡ t❡❝❤♥✐q✉❡s✳ ■♥ t❤✐s ✇♦r❦ ✇❡
✉s❡ ❛ s♠♦♦t❤✐♥❣ ❛♣♣r♦❛❝❤ ✭❢♦r ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝②✮✿ t❤❡ st❛t❡ ✈❡❝t♦r ✐♥ ❛
s♠♦♦t❤✐♥❣ ❛♣♣r♦❛❝❤ t♦ ❙▲❆▼ ✐♥✈♦❧✈❡s ♥♦t ❥✉st t❤❡ ♠♦st ❝✉rr❡♥t r♦❜♦t ❧♦❝❛✲
t✐♦♥✱ ❜✉t t❤❡ ❡♥t✐r❡ r♦❜♦t tr❛❥❡❝t♦r② ✉♣ t♦ t❤❡ ❝✉rr❡♥t t✐♠❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱
t❤❡ st❛t❡ ✈❡❝t♦r ✐♥❝❧✉❞❡s✿ ❝✉rr❡♥t st❛t❡✱ ♣❛st ♣♦s❡s✱ ❛♥❞ ❧❛♥❞♠❛r❦s✳ ❲❡ ✉s❡
●❛✉ss✲◆❡✇t♦♥ ♦♣t✐♠✐③❛t✐♦♥ ❢♦r ✐♥❢❡r❡♥❝❡✳ ❆♥♦t❤❡r ❛❧t❡r♥❛t✐✈❡ ✐s t♦ ✉s❡ t❤❡ ✇❡❧❧
❦♥♦✇♥ ❑❛❧♠❛♥ s♠♦♦t❤❡r✱ ✇❤✐❝❤ ❤♦✇❡✈❡r✱ ♣❡r❢♦r♠s ❝❛❧❝✉❧❛t✐♦♥s ✐♥ ❝♦✈❛r✐❛♥❝❡

✼



❛♥❞ ♥♦t ✐♥ ✐♥❢♦r♠❛t✐♦♥ ❢♦r♠✳ ❈❛❧❝✉❧❛t✐♦♥s ✐♥ ✐♥❢♦r♠❛t✐♦♥ ❢♦r♠ ❤❛✈❡ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡s s✐♥❝❡ t❤❡ s②st❡♠ ✐♥ ♦✉r ❝❛s❡ ✐s s♣❛rs❡✳

✺✳✸ P❧❛♥♥✐♥❣

❚❤❡ r♦❜♦t ♥❡❡❞s t♦ ♣❧❛♥ ❛ s✉✐t❛❜❧❡ ❝♦♥tr♦❧ str❛t❡❣② ✐♥ ♦r❞❡r t♦ ❛❝❝♦♠♣❧✐s❤ ❛
❣✐✈❡♥ t❛s❦✳ ❚❤❡ ❢❛❝t t❤❛t r♦❜♦t ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ❞②♥❛♠✐❝s ❛r❡ st♦❝❤❛st✐❝ ♠❛❦❡s
♣❧❛♥♥✐♥❣ ❝♦♠♣❧❡①✱ ❜❡❝❛✉s❡ ❛❢t❡r ❛♣♣❧②✐♥❣ ❛ ♠♦t✐♦♥ ❝♦♠♠❛♥❞ t❤❡ ❛❝t✉❛❧ r♦❜♦t
♣♦s✐t✐♦♥ ❞✐✛❡rs ❢r♦♠ t❤❡ ♣r❡❞✐❝t❡❞ ♦♥❡✱ ❡✳❣✳ ❞✉❡ t♦ ❛❝t✉❛t✐♦♥ ♥♦✐s❡✳ ❋✉rt❤❡r♠♦r❡
t❤❡ r♦❜♦t ❞♦❡s ♥♦t ❦♥♦✇ ✐♥ ❛❞✈❛♥❝❡ ✇❤✐❝❤ ♠❡❛s✉r❡♠❡♥ts ✇✐❧❧ ❜❡ ❛❝q✉✐r❡❞ ❛♥❞
✇❤❛t t❤❡ ❢✉t✉r❡ s❡♥s♦r r❡❛❞✐♥❣s ✇✐❧❧ ❜❡✳

❚❤❡ ♣❧❛♥♥✐♥❣ ♣r♦❝❡ss r❡❧✐❡s ♦♥ ❡st✐♠❛t✐♦♥ ❛♥❞ ♣❡r❝❡♣t✐♦♥ ❞❛t❛✱ t❤❛t ❝❛♥ ❜❡
r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❜❡❧✐❡❢ ✲ ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦✈❡r t❤❡ st❛t❡ ❝♦♥❞✐t✐♦♥❡❞
♦♥ t❤❡ ❝✉rr❡♥t❧② ❛✈❛✐❧❛❜❧❡ ❞❛t❛✳ ❉❡❝✐s✐♦♥ ♠❛❦✐♥❣ ✉♥❞❡r ✉♥❝❡rt❛✐♥t② ❛♥❞ ❜❡❧✐❡❢
s♣❛❝❡ ♣❧❛♥♥✐♥❣ ✭❇❙P✮ t❤❡♥ r❡❢❡r t♦ ❛♣♣r♦❛❝❤❡s t❤❛t ❝♦♥s✐❞❡r ❜❡❧✐❡❢ ❡✈♦❧✉t✐♦♥ ❛s
❛ r❡s✉❧t ♦❢ ❞✐✛❡r❡♥t ❝❛♥❞✐❞❛t❡ ❛❝t✐♦♥s✳ ●✐✈❡♥ ❛♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ t②♣✐✲
❝❛❧❧② ❝♦♠♣r✐s❡s ✐♠♠❡❞✐❛t❡ ❝♦sts s✉❝❤ ❛s ✉♥❝❡rt❛✐♥t②✱ ♣❛t❤ ❧❡♥❣t❤ ❛♥❞ r❡❛❝❤✐♥❣
❛ s♣❡❝✐✜❝ ❣♦❛❧✱ t❤❡ ❜❡st✴♦♣t✐♠❛❧ ❝♦♥tr♦❧ str❛t❡❣② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞✳ ❚❤✐s ♣r♦✲
❝❡ss ✐♥✈♦❧✈❡❞ ❡✈❛❧✉❛t✐♥❣✱ ❢♦r ❡❛❝❤ ❝❛♥❞✐❞❛t❡ ❛❝t✐♦♥✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❛♥❞
❝❤♦♦s✐♥❣ t❤❡ ❛❝t✐♦♥ t❤❛t ♠✐♥✐♠✐③❡s ✭♦r ♠❛①✐♠✐③❡s✮ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ❊❛❝❤
s✉❝❤ ❡✈❛❧✉❛t✐♦♥ r❡q✉✐r❡s ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ♣♦st❡r✐♦r ❢✉t✉r❡ ❜❡❧✐❡❢s ❢♦r ❛♣♣r♦♣r✐❛t❡
❧♦♦❦ ❛❤❡❛❞ st❡♣s✳

✻ ❈♦♥tr✐❜✉t✐♦♥

❆s ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ ✹✱ ♠❛♥② ❡①✐st✐♥❣ ❛♣♣r♦❛❝❤❡s ❛ss✉♠❡ ❡♥✈✐r♦♥♠❡♥t✴♠❛♣
✐s ❦♥♦✇♥✱ ✇❤✐❧❡ s♦♠❡ r❡❝❡♥t ❛♣♣r♦❛❝❤❡s r❡❧❛① t❤✐s ❛ss✉♠♣t✐♦♥✱ t❤❡r❡❜② ❡♥❛❜❧✐♥❣
♦♣❡r❛t✐♦♥ ✐♥ ✉♥❦♥♦✇♥ ❡♥✈✐r♦♥♠❡♥ts✳ ❍♦✇❡✈❡r✱ ❛❧❧ ❡①✐st✐♥❣ ❇❙P ❛♣♣r♦❛❝❤❡s
t②♣✐❝❛❧❧② ❝♦♥s✐❞❡r ♣❡r❢❡❝t ❛❜✐❧✐t② t♦ r❡✲✐❞❡♥t✐❢② ❛♥ ♦❜❥❡❝t ❢r♦♠ ❞✐✛❡r❡♥t ✈✐❡✇
❞✐r❡❝t✐♦♥s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡s❡ ❛♣♣r♦❛❝❤❡s ❛ss✉♠❡ t❤❛t t❤❡ ✈✐❡✇ ❞✐r❡❝t✐♦♥
✐♥ ✇❤✐❝❤ t❤❡ ♦❜❥❡❝t ✇❛s ♦❜s❡r✈❡❞ ❞♦❡s ♥♦t ♠❛tt❡r ❛♥❞ t❤❛t t❤❡ ♦❜❥❡❝t ✇✐❧❧ ❜❡
✐❞❡♥t✐✜❡❞ ❢r♦♠ ❛♥② ✈✐❡✇ ❞✐r❡❝t✐♦♥✳

❨❡t✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✶✱ t❤❡ ❛❜✐❧✐t② t♦ r❡✲✐❞❡♥t✐❢② ❛ ♣r❡✈✐♦✉s❧② ♦❜✲
s❡r✈❡❞ ♦❜❥❡❝t ❝❛♥ ❜❡ ❝❤❛❧❧❡♥❣✐♥❣ ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ✈✐❡✇ ❞✐r❡❝t✐♦♥ ✐♥ ✇❤✐❝❤
t❤❡ ♦❜❥❡❝t ✇❛s ♦❜s❡r✈❡❞✱ t❤❡ ❝♦♠♣✉t❡r ✈✐s✐♦♥ ❛❧❣♦r✐t❤♠ ❛♥❞ s❡♥s♦r ❝❛♣❛❜✐❧✐t✐❡s✳
❚❤❡r❡❢♦r❡✱ t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥ ♦❢ ✐❞❡❛❧ ♦❜❥❡❝t ✐❞❡♥t✐✜❝❛t✐♦♥✱ ♠❛② ❧❡❛❞ t♦ ✐♥✲
❝♦♥s✐st❡♥t ✉♥❝❡rt❛✐♥t② ♣r❡❞✐❝t✐♦♥ ✇✐t❤ r❡❛❧✐t② ✭✐♥❢❡r❡♥❝❡✮✱ ❛♥❞ ❤❡♥❝❡✱ t♦ ✐♥❝♦rr❡❝t
♣❧❛♥♥✐♥❣✱ ❡✳❣✳ ❛♥ ✐♥❝♦rr❡❝t ✭s✉❜♦♣t✐♠❛❧✮ ♣❛t❤ ♠✐❣❤t ❜❡ ❝❤♦s❡♥✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥
✐s t❤❛t ❝♦rr❡❝t ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❧❛♥❞♠❛r❦s ✐s ❝r✐t✐❝❛❧✱ ❛s ✐♥❝♦rr❡❝t ✐❞❡♥t✐✜❝❛t✐♦♥
♠❛② ❧❡❛❞ t♦ ✐♥❝♦rr❡❝t ♣❛t❤ ❝❤♦♦s✐♥❣ ❛♥❞ ❝❛t❛str♦♣❤✐❝ r❡s✉❧ts✳

■♥ t❤✐s ✇♦r❦ ✇❡ ❡♥❛❜❧❡ ♦♣❡r❛t✐♦♥ ✐♥ ✉♥❦♥♦✇♥ ❡♥✈✐r♦♥♠❡♥ts ✇✐t❤♦✉t ❛s✲
s✉♠✐♥❣ ♣❡r❢❡❝t ❛❜✐❧✐t② t♦ r❡✲✐❞❡♥t✐❢② ❛♥ ♦❜❥❡❝t✳ ❚♦ ❞♦ s♦✱ ✇❡ ♠♦❞❡❧ ♦❜❥❡❝t
r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ♦❜❥❡❝t ♠✐❣❤t ♥♦t ❜❡ ✐❞❡♥t✐✜❡❞
✇❤❡♥ ♦❜s❡r✈❡❞ ❢r♦♠ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ✈✐❡✇ ❞✐r❡❝t✐♦♥s✱ ❛♥❞ ❞❡✈❡❧♦♣ ❛ ✈✐❡✇✲
♣♦✐♥t ❛✇❛r❡ ❇❙P ❛♣♣r♦❛❝❤ ✇❤✐❧❡ ❝♦♥s✐❞❡r✐♥❣ ❜♦t❤ ❙▲❆▼ ❛♥❞ ♣❧❛♥♥✐♥❣ ❛s♣❡❝ts✳

✽



✼ Pr♦❜❛❜✐❧✐st✐❝ ❋♦r♠✉❧❛t✐♦♥

✼✳✶ ❙▲❆▼

❲❡ ❞❡✜♥❡ Xk ❛s t❤❡ ❥♦✐♥t st❛t❡✿

Xk
.
= {x0, ..., xk, Lk}, ✭✶✮

✇❤❡r❡ xi ✐s t❤❡ r♦❜♦t st❛t❡✱ ❛♥❞ Lk ✐s ✇♦r❧❞ st❛t❡ ✭❢♦r ❡①❛♠♣❧❡✱ ❧❛♥❞♠❛r❦ ❝♦♦r✲
❞✐♥❛t❡s✮✳

❚❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭♣❞❢✮ ♦✈❡r t❤❡ ❥♦✐♥t st❛t❡ ✐s✿

p(Xk|Z0:k, u0:k−1), ✭✷✮

✇❤❡r❡ ui ❛♥❞ Zi ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❝♦♥tr♦❧ ❛❝t✐♦♥ ❛♥❞ ❝❛♣t✉r❡❞ ♦❜s❡r✈❛t✐♦♥s
❛t t✐♠❡ ti✳ ❲❡ ❝♦♥s✐❞❡r Zi t♦ r❡♣r❡s❡♥t ❧❛♥❞♠❛r❦ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ❞❡♥♦t❡

Zi
.
= {zi,1, ..., zi,ni

}, ✭✸✮

✇❤❡r❡ zi,j ❝♦rr❡s♣♦♥❞s t♦ ♦❜s❡r✈✐♥❣ ❧❛♥❞♠❛r❦ lj ❛t t✐♠❡ ti ❛♥❞ ni ✐s t❤❡ ♥✉♠❜❡r
♦❢ ♦❜s❡r✈❡❞ ❧❛♥❞♠❛r❦s ❛t t❤❛t t✐♠❡✳

❚❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ♠♦t✐♦♥ ♠♦❞❡❧ ❣✐✈❡♥ ❝♦♥tr♦❧ ui ❛♥❞ r♦❜♦t st❛t❡ xi ✐s✿

p(xi+1|xi, ui). ✭✹✮

❚❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ♦❜s❡r✈❛t✐♦♥ ♠♦❞❡❧ ❢♦r ❡❛❝❤ ♠❡❛s✉r❡♠❡♥t zi,j ✐s✿

p(zi,j |xi, lj). ✭✺✮

❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ♠♦t✐♦♥ ✭✹✮ ❛♥❞ ♦❜s❡r✈❛t✐♦♥ ✭✺✮ ♠♦❞❡❧s ✇✐t❤ ❛❞❞✐t✐✈❡
●❛✉ss✐❛♥ ♥♦✐s❡✿

xi+1 = f(xi, ui) + wi , wi ∼ N(0,Σw) ✭✻✮

zi,j = h(xi, lj) + vi,j , vi,j ∼ N(0,Σv), ✭✼✮

✇❤❡r❡ Σ ❞❡♥♦t❡s ❛ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳
❚❤❡ ♣❞❢ ✐♥ ❡q✉❛t✐♦♥ ✭✷✮ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❜❡❧✐❡❢ ❛t t✐♠❡ tk

b(Xk)
.
= p(Xk|Z0:k, u0:k−1), ✭✽✮

❛♥❞ r❡♣r❡s❡♥t❡❞ ❜② ❛ ●❛✉ss✐❛♥✿

b(Xk) = N(X∗

k ,Λ
−1
k ), ✭✾✮

✇❤❡r❡ t❤❡ ♠❡❛♥ X∗

k ✐s s❡t t♦ t❤❡ ♠❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐ ✭▼❆P✮ ❡st✐♠❛t❡✱ ❛♥❞
t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① Λk ✐s ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣❧② ✭❛s ❞❡s❝r✐❜❡❞ ✐♥ ■♥❞❡❧♠❛♥ ❡t
❛❧✳✱ ✷✵✶✺ ❬✹❪✮✳

❚❤❡ ❥♦✐♥t ♣❞❢ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✮ ❝❛♥ ❜❡ ❡①♣❧✐❝✐t❧② ✇r✐tt❡♥ ❛s

✾



p(Xk|Z0:k, u0:k−1) = η· p(xo) ·

k∏

i=1


p(xi|xi−1, ui−1)

ni∏

j=1

p(zi,j |xi, lj)


 , ✭✶✵✮

✇❤❡r❡ p(x0) ✐s t❤❡ ♣r✐♦r ✐♥❢♦r♠❛t✐♦♥ ♦♥ x0✱ p(x0) = N(x̂0,Σ0)✱ ❛♥❞ η ✐s ❛
♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t✳ ❆s s❡❡♥✱ t❤❡ ❡①♣r❡ss✐♦♥ ✐♥ ❡q✉❛t✐♦♥ ✭✶✵✮ ✐♥❝❧✉❞❡s ♣r✐♦rs✱
♠♦t✐♦♥ ♠♦❞❡❧ ✭✹✮ ❛♥❞ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♠♦❞❡❧ ✭✺✮ t❡r♠s✳ ❚❤❡ ❢✉❧❧ ❞❡r✐✈❛t✐♦♥ ♦❢
❡q✉❛t✐♦♥ ✶✵ ✐s ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳

■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ Xk ✇❡ ✉s❡ ♠❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐ ✭▼❆P✮ ✐♥❢❡r❡♥❝❡✿

X∗

k =❛r❣ ♠❛①
Xk

p(Xk|Z0:k, u0:k−1). ✭✶✶✮

❋♦r ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s✱ t❤✐s ✐♥✈♦❧✈❡s s♦❧✈✐♥❣ ❛ ♥♦♥❧✐♥❡❛r ❧❡❛st sq✉❛r❡s ♣r♦❜✲
❧❡♠ ✭s❡❡ ❞❡t❛✐❧s ✐♥ t❤❡ ❆♣♣❡♥❞✐①✮✿

X∗

k =❛r❣ ♠❛①
Xk

p(Xk|Z0:k, u0:k−1) =❛r❣ ♠✐♥
Xk

− ln (p(Xk|Z0:k, u0:k−1) . ✭✶✷✮

✼✳✷ ❇❡❧✐❡❢ ❙♣❛❝❡ P❧❛♥♥✐♥❣

■♥ ❡❛❝❤ st❡♣ t❤❡ r♦❜♦t ♥❡❡❞s t♦ ❞❡❝✐❞❡ ✐ts ♥❡①t ❛❝t✐♦♥s✳ ■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ♣❧❛♥✲
♥✐♥❣ ❛❝t✐♦♥s ❛t ♣❧❛♥♥✐♥❣ t✐♠❡ tk✱ ✇❡ ♦♣t✐♠✐③❡ ❛♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ J(uk:k+L−1)
❢♦r L ❧♦♦❦✲❛❤❡❛❞ st❡♣s✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✿

J(uk:k+L−1)
.
= E

Zk+1:k+L

{
L−1∑

l=0

cl (b(Xk+l), uk+l)

}
, ✭✶✸✮

✇❤❡r❡ cl ✐s ❛ ❣❡♥❡r❛❧ ❝♦st ❢✉♥❝t✐♦♥ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ ❜❡❧✐❡❢ b(Xk+l) ❛♥❞ ♦♥ t❤❡
❝♦♥tr♦❧ ❛❝t✐♦♥ uk+l✳ ❚❤❡ ✉s❡r✲❞❡✜♥❡❞ ❝♦sts cl ❝❛♥ ✐♥❝❧✉❞❡ ❞✐✛❡r❡♥t t❡r♠s✱ ✇✐t❤
✇❡✐❣❤ts t❤❛t s♣❡❝✐❢② t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❡❛❝❤ t❡r♠✳ ■♥ t❤✐s ✇♦r❦✱ ❛t ❡❛❝❤ ❧♦♦❦
❛❤❡❛❞ t✐♠❡ l✱ t❤❡ ❝♦st cl ✐♥❝❧✉❞❡s t❤r❡❡ t❡r♠s✿ ❞✐st❛♥❝❡ t♦ ❣♦❛❧✱ ♣♦s❡ ✉♥❝❡rt❛✐♥t②
❛♥❞ ❝♦♥tr♦❧ ✉s❛❣❡ ✭s❡❡ ❛❧s♦ ❬✹❪✮✳

❚❤❡ ❜❡❧✐❡❢ ❛t t❤❡ lt❤ ❧♦♦❦ ❛❤❡❛❞ st❡♣ ✐s ❞❡✜♥❡❞ ❛s✿

b(Xk+l)
.
= p(Xk+l|Z0:k, u0:k−1, Zk+1:k+l, uk:k+l−1), ✭✶✹✮

✇❤❡r❡ t❤❡ ❥♦✐♥t st❛t❡ Xk+l ✐♥❝❧✉❞❡s t❤❡ r♦❜♦t st❛t❡s ❛♥❞ t❤❡ ♦❜s❡r✈❡❞ ✇♦r❧❞
st❛t❡s ✉♥t✐❧ t✐♠❡ k + l✳ ❚❤❡ ❝♦♥tr♦❧ ❛❝t✐♦♥s ❛♥❞ ♦❜s❡r✈❛t✐♦♥s ✇❡r❡ s❡♣❛r❛t❡❞✿

❼ ❯♥t✐❧ ♣❧❛♥♥✐♥❣ t✐♠❡ tk✿ Z0:k, u0:k−1 ✭✇❤✐❝❤ ✐♥❝❧✉❞❡ t❤❡ ❡♥t✐r❡ ❤✐st♦r② ♦❢
♦❜s❡r✈❛t✐♦♥s ❛♥❞ ❛❝t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✱ ✉♥t✐❧ t❤❡ ❝✉rr❡♥t t✐♠❡ tk✮

❼ ❋r♦♠ ♣❧❛♥♥✐♥❣ t✐♠❡ tk+1 ❢♦r t❤❡ ✜rst ❧ ❧♦♦❦✲❛❤❡❛❞ st❡♣s ✭✉♥t✐❧ tk+l✮✿
Zk+1:k+l, uk:k+l−1

✶✵



■♥ ❡q✉❛t✐♦♥ ✶✸ ✇❡ s✉♠ t❤❡ ❝♦sts ❢♦r ❛❧❧ L ❧♦♦❦ ❛❤❡❛❞ st❡♣s✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡
❢✉t✉r❡ ♠❡❛s✉r❡♠❡♥ts Zk+1:k+L ❛r❡ ✉♥❦♥♦✇♥✱ ✇❡ ✇r✐t❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r
t♦ ❝♦♥s✐❞❡r ❛❧❧ ♣♦ss✐❜❧❡ r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡s❡ ♠❡❛s✉r❡♠❡♥ts✳

❋♦r ♥♦t❛t✐♦♥❛❧ ❝♦♥✈❡♥✐❡♥❝❡ ✇❡ ❞❡✜♥❡ t❤❡ ❤✐st♦r② ♦❢ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ❛❝t✐♦♥s
❛s✿

Hk
.
= {Z0:k, u0:k−1} . ✭✶✺✮

❲❡ ✇✐❧❧ ✇r✐t❡ ❛❣❛✐♥ ❡q✉❛t✐♦♥ ✭✶✹✮✱ ✉s✐♥❣ Hk✿

b(Xk+l)
.
= p(Xk+l|Hk, Zk+1:k+l, uk:k+l−1). ✭✶✻✮

❚❤✐s ❜❡❧✐❡❢ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ●❛✉ss✐❛♥✿

b(Xk+l) ∼ N
(
X∗

k+l,Λ
−1
k+l

)
, ✭✶✼✮

✇❤❡r❡ t❤❡ ♠❡❛♥ X∗

k+l ✐s s❡t t♦ t❤❡ ▼❆P ❡st✐♠❛t❡✿

X∗

k+l =❛r❣ ♠❛①
Xk+l

b(Xk+l) =❛r❣ ♠✐♥
Xk+l

− ln b(Xk+l), ✭✶✽✮

❛♥❞ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① Λk+l ✐s ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣❧②✱ ✭❛s ❞❡s❝r✐❜❡❞ ✐♥ ■♥❞❡❧✲
♠❛♥ ❡t ❛❧✳✱ ✷✵✶✺ ❬✹❪✮✳

▼❛t❤❡♠❛t✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❜❡❧✐❡❢ ✐♥ ❡q✉❛t✐♦♥ ✭✶✻✮✱ ✇❤✐❧❡ ❝♦♥s✐❞❡r✐♥❣
✐❞❡❛❧ ❛❜✐❧✐t② ♦❢ ♦❜❥❡❝t r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✱ ❧❡❛❞s t♦✿

p(Xk+l|Hk+l) ∝ p(Xk|Hk)

l∏

i=1

p (xk+i|xk+i−1, uk+i−1)

ni∏

j=1

p (zk+i,j |xk+i, lj) .

✭✶✾✮
■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ❜❡❧✐❡❢✱ ✐♥ ❡q✉❛t✐♦♥ ✭✶✾✮✱ ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤❡ ❜❡❧✐❡❢ ❛t

♣❧❛♥♥✐♥❣ t✐♠❡ tk ✭♦❜t❛✐♥❡❞ ❢r♦♠ ❙▲❆▼✮✱ ❛♥❞ ♠♦t✐♦♥ ❛♥❞ ♦❜s❡r✈❛t✐♦♥ ♠♦❞❡❧s
❢♦r l ❧♦♦❦ ❛❤❡❛❞ st❡♣s✳ ❆❧s♦ ♥♦t❡ t❤❛t t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛t✐♦♥ ❛ss✉♠❡s ✐❞❡❛❧ ❞❛t❛
❛ss♦❝✐❛t✐♦♥✳

❈❛❧❝✉❧❛t✐♥❣ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ✐♥✈♦❧✈❡s ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❛♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝✲
t✐♦♥ Jk(uk:k+L−1) ✿

u∗

k:k+L❂1
.
=

{
u∗

k, ..., u
∗

k+L−1

}
=❛r❣ ♠✐♥

uk:k+L❂1

Jk(uk:k+L−1). ✭✷✵✮

❚❤❡r❡ ❛r❡ t✇♦ ❛♣♣r♦❛❝❤❡s✱ ❞✐s❝r❡t❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s✱ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ♦♣✲
t✐♠❛❧ ❝♦♥tr♦❧ u⋆✳ ■♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❛♣♣r♦❛❝❤✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ✐s ❝❛❧❝✉❧❛t❡❞
✐t❡r❛t✐✈❡❧② ✐♥ ❡❛❝❤ st❡♣✱ ✉s✐♥❣ ❛ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ❛♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✲ t❤❡ ♦♣✲

t✐♠✐③❛t✐♦♥ st❛rts ❢r♦♠ ❛ ♥♦♠✐♥❛❧ ❝♦♥tr♦❧ u
(0)
k:k+L−1✱ ❛♥❞✱ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥ (i)✱

❝♦♠♣✉t❡s t❤❡ ❞❡❧t❛ ✈❡❝t♦r ∆uk:k+L−1 t❤❛t ✐s ✉s❡❞ t♦ ✉♣❞❛t❡ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡s
♦❢ t❤❡ ❝♦♥tr♦❧s✳ ■♥ t❤❡ ❞✐s❝r❡t❡ ♠♦❞❡✱ ✐♥ ✇❤✐❝❤ ✇❡ ❛r❡ ✉s✐♥❣ ✐♥ t❤✐s ✇♦r❦✱ ❛
s❡t ♦❢ ❝♦♥tr♦❧s ❛r❡ ♣❧❛♥♥❡❞ ♦✤✐♥❡✳ ❲❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❝♦♥tr♦❧ s♣❛❝❡ ❛s ✜♥✐t❡
s❡ts✱ t❤❡ ❝♦♥tr♦❧ ❛❝t✐♦♥ ✐s s❡❧❡❝t❡❞ ❢r♦♠ ❛♠♦♥❣ ❛ ✜♥✐t❡ s❡t ♦❢ ❝❛♥❞✐❞❛t❡ ❝♦♥tr♦❧
❛❝t✐♦♥s✳

✶✶



✽ ❆♣♣r♦❛❝❤

❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✱ ✐♥ r❡❛❧✐t② ♦❜❥❡❝t r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ♥♦t ♣❡r❢❡❝t✳ ❨❡t✱
st❛t❡ ♦❢ t❤❡ ❛rt ❇❙P ❛♣♣r♦❛❝❤❡s t②♣✐❝❛❧❧② ❝♦♥s✐❞❡r ♣❡r❢❡❝t ❛❜✐❧✐t② t♦ r❡✲✐❞❡♥t✐❢②
❛♥ ♦❜❥❡❝t ✭❛s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❡q✉❛t✐♦♥ ✭✶✾✮✮✳

❈♦rr❡❝t ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ♦❜❥❡❝ts ✐s ❝r✐t✐❝❛❧ ✲ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ✐❞❡❛❧ ♦❜❥❡❝t
✐❞❡♥t✐✜❝❛t✐♦♥ ♠❛② ❧❡❛❞ t♦ ✐♥❝♦♥s✐st❡♥t ✉♥❝❡rt❛✐♥t② ♣r❡❞✐❝t✐♦♥ ✇✐t❤ r❡❛❧✐t② ✭✐♥✲
❢❡r❡♥❝❡✮✱ ✐♥❝♦rr❡❝t ♣❧❛♥♥✐♥❣ ❛♥❞ t❤❡r❡❢♦r❡ ✐♥❝♦rr❡❝t ♣❛t❤ ❝❤♦♦s✐♥❣✳

■♥ t❤✐s ✇♦r❦ ✇❡ ❛r❡ ♥♦t ❛ss✉♠✐♥❣ ♣❡r❢❡❝t ❛❜✐❧✐t② t♦ r❡✲✐❞❡♥t✐❢② ❛♥ ♦❜❥❡❝t✳ ❲❡
t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ ♦❜❥❡❝t ♠✐❣❤t ♥♦t ❜❡ ✐❞❡♥t✐✜❡❞ ✇❤❡♥ ♦❜s❡r✈❡❞ ❢r♦♠
❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ✈✐❡✇ ❞✐r❡❝t✐♦♥s✳ ❲❡ ❛r❡ ♠♦❞❡❧✐♥❣ ♦❜❥❡❝t r❡✲✐❞❡♥t✐✜❝❛t✐♦♥
❛♥❞ ❞❡✈❡❧♦♣ ❛ ✈✐❡✇♣♦✐♥t ❛✇❛r❡ ❇❙P ❛♣♣r♦❛❝❤ ✇❤✐❧❡ ❝♦♥s✐❞❡r✐♥❣ ❜♦t❤ ❙▲❆▼
❛♥❞ ♣❧❛♥♥✐♥❣ ❛s♣❡❝ts✳

✽✳✶ ❈♦♥❝❡♣t

❲❡ ❞❡✜♥❡ t❤❡ ❡✈❡♥t ♦❢ ❛❝q✉✐r✐♥❣ ❛ ♠❡❛s✉r❡♠❡♥t ❛s ❛♥ ❡✈❡♥t ✐♥ ✇❤✐❝❤ t❤❡ r♦❜♦t
r❡❝♦❣♥✐③❡s t❤❡ ♦❜❥❡❝t✳ ❚❤❡ ❛❜✐❧✐t② t♦ ✐❞❡♥t✐❢② ❛♥ ♦❜❥❡❝t ❞❡♣❡♥❞s ♦♥ t❤❡ ✈✐❡✇
❞✐r❡❝t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ♦❜❥❡❝t ✐s ❜❡✐♥❣ ♦❜s❡r✈❡❞ ❛♥❞ ♦♥ t❤❡ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣
❛❜✐❧✐t② ✭❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✶✮✳

■♥ ❡❛❝❤ ♦❜s❡r✈❛t✐♦♥ ✇❡ ❞❡✜♥❡ t❤❡ ▲❖❙ ✭▲✐♥❡ ❖❢ ❙✐❣❤t✮ t♦ t❤❡ ♦❜❥❡❝t✱ ✇❤✐❝❤
✐s t❤❡ str❛✐❣❤t ❧✐♥❡ ❜❡t✇❡❡♥ t❤❡ ❝❛♠❡r❛ ♦❢ t❤❡ r♦❜♦t ❛♥❞ t❤❡ ♦❜s❡r✈❡❞ ✐♠❛❣❡✳
❲❡ ❛❧s♦ ❞❡✜♥❡ ❛ ❝♦♥❡ ♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ♦❜❥❡❝t ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞
✉s✐♥❣ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣ ❛❧❣♦r✐t❤♠s✱ ✐t ♠❡❛♥s t❤❛t ❛❧❧ t❤❡ ❧✐♥❡ ♦❢ s✐❣❤ts ✐♥s✐❞❡ t❤✐s
❝♦♥❡ ✇✐❧❧ ❧❡❛❞ t♦ ♦❜❥❡❝t r❡❝♦❣♥✐t✐♦♥✳ ❘❡❝❛❧❧ ❢r♦♠ s❡❝t✐♦♥ ✺✳✶✱ ✐♥ ❙■❋❚ ❛❧❣♦r✐t❤♠✱
❛♥ ♦❜❥❡❝t ✇✐❧❧ ❜❡ r❡✲✐❞❡♥t✐✜❡❞ ✇❤❡♥ t❤❡ ❝❤❛♥❣❡ ✐♥ ✈✐❡✇♣♦✐♥t ❞✐r❡❝t✐♦♥ ✐s ✉♣ t♦
✸✵♦✲✹✵♦✳

❆ ❞❡s❝r✐♣t✐♦♥ ♦❢ ▲❖❙ ❛♥❞ ❝♦♥❡ ♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ✜❣✉r❡ ✷ ✲ ✐♥ t❤✐s
❡①❛♠♣❧❡✱ t❤❡ r♦❜♦t ✐s ❛ ❯❆❱ ❛♥❞ t❤❡ ♦❜❥❡❝t ✐s t❤❡ ❤♦✉s❡✳

■♥ ✜❣✉r❡ ✸ t❤❡r❡ ✐s ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♣♦ss✐❜❧❡ st❛t❡s ♦❢ t❤❡ r♦❜♦t✿

✶✳ ❚❤❡ ✜rst st❛t❡ ❆✱ ✐s t❤❡ ✜rst t✐♠❡ t❤❡ r♦❜♦t ♦❜s❡r✈❡s t❤❡ ♦❜❥❡❝t✳ ❚❤❡ ▲❖❙
♦❢ t❤✐s ♦❜s❡r✈❛t✐♦♥ ❛♥❞ ❝♦♥❡ ♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ♦❜❥❡❝t ❝❛♥ ❜❡
✐❞❡♥t✐✜❡❞✱ ❛r❡ s❤♦✇❡❞ ✐♥ ②❡❧❧♦✇✳

✷✳ ❚❤❡ s❡❝♦♥❞ st❛t❡ ❇✱ ❞❡s❝r✐❜❡s ❛ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ r♦❜♦t ♦❜s❡r✈❡s t❤❡
♦❜❥❡❝t ❢r♦♠ ❛ ❞✐✛❡r❡♥t ✈✐❡✇ ❞✐r❡❝t✐♦♥✱ ✇❤✐❧❡ t❤❡ ♥❡✇ ▲❖❙ ✐s ✐♥s✐❞❡ ❝♦♥❡
♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ st❛t❡ ❆✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ♦❜❥❡❝t ✇✐❧❧
❜❡ ✐❞❡♥t✐✜❡❞ ❛s t❤❡ ♦❜❥❡❝t t❤❛t ✇❛s ♦❜s❡r✈❡❞ ✐♥ st❛t❡ ❆✳

✸✳ ❚❤❡ t❤✐r❞ st❛t❡ ❈✱ ❞❡s❝r✐❜❡s ❛ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ r♦❜♦t ♦❜s❡r✈❡s t❤❡
♦❜❥❡❝t ❢r♦♠ ❛ ❞✐✛❡r❡♥t ✈✐❡✇ ❞✐r❡❝t✐♦♥✱ ❜✉t ♥♦✇✱ t❤❡ ♥❡✇ ▲❖❙ ✐s ♦✉ts✐❞❡ t❤❡
❝♦♥❡ ♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥ ✇❤✐❝❤ ✇❛s ❞❡✜♥❡❞ ✐♥ st❛t❡ ❆✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♦❜❥❡❝t
✇✐❧❧ ♥♦t ❜❡ ✐❞❡♥t✐✜❡❞ ✐♥ t❤✐s ❝❛s❡✱ ❛❧t❤♦✉❣❤ ✐t ✐s ♦❜s❡r✈❡❞ ✐♥ t❤❡ s❛♠❡ ❢❛❝❡t
❛s ✐♥ st❛t❡ ❆ ✭❜❡❝❛✉s❡✱ t❤❡ ▲❖❙ ❛♥❣❧❡ ✐♥ st❛t❡ ❈✱ ✐s ♥♦t ❝❧♦s❡ ❡♥♦✉❣❤ t♦
▲❖❙ ❛♥❣❧❡ ✐♥ st❛t❡ ❆✱ ✐♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② t❤❡ ♦❜❥❡❝t ❜② ❝♦♠♣✉t❡r ✈✐s✐♦♥
❛❧❣♦r✐t❤♠s✮✳

✶✷



✹✳ ❚❤❡ ❧❛st st❛t❡ ❉✱ ❞❡s❝r✐❜❡s ❛ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ r♦❜♦t ♦❜s❡r✈❡s t❤❡
♦❜❥❡❝t ❢r♦♠ ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ✈✐❡✇ ❞✐r❡❝t✐♦♥✱ ✐♥ ❞✐✛❡r❡♥t ❢❛❝❡t t❤❛♥
✐♥ st❛t❡ ❆✱ ❛♥❞ ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t s❝❡♥❡✳ ■♥ t❤✐s ❝❛s❡ ✐t ✐s ❝❧❡❛r t❤❛t
t❤❡ r♦❜♦t ✇✐❧❧ ♥♦t ✐❞❡♥t✐❢② t❤❡ ♦❜❥❡❝t ❛s t❤❡ s❛♠❡ ♦❜❥❡❝t ❢r♦♠ t❤❡ ✜rst
st❛t❡ ❆✳

◆♦t❡ t❤❛t ✐t ✐s ♥♦t s✉✣❝✐❡♥t t♦ ♠♦❞❡❧ ♦♥❧② ✇❤❡t❤❡r ❛♥ ♦❜❥❡❝t ✐s ✇✐t❤✐♥ t❤❡
✜❡❧❞ ♦❢ ✈✐❡✇ ♦❢ t❤❡ ❝❛♠❡r❛✱ ❛s ❞♦♥❡ ✐♥ ❬✶✶❪✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ st❛t❡s ❈ ❛♥❞ ❉✱ t❤❡
♦❜❥❡❝t ✐s ✐♥ t❤❡ ✜❡❧❞ ♦❢ ✈✐❡✇ ♦❢ t❤❡ ❝❛♠❡r❛✱ ❜✉t st✐❧❧ ✐s ♥♦t r❡❝♦❣♥✐③❡❞✱ ❛s ✐t ❜❡✐♥❣
♦❜s❡r✈❡❞ ❢r♦♠ ❞✐✛❡r❡♥t ✈✐❡✇ ❞✐r❡❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ♥♦t ❛❧❧♦✇✐♥❣ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥✳

❋✐❣✉r❡ ✷✿ ▲❖❙ ❉❡s❝r✐♣t✐♦♥✳

✶✸



❋✐❣✉r❡ ✸✿ ❘❡❝♦❣♥✐t✐♦♥ ♦❢ ❛♥ ♦❜❥❡❝t✳

❚❤❡ ❝♦♥❝❡♣t ♦❢ ❞❡t❡r♠✐♥❛t✐♦♥ ❛❜♦✉t ♦❜❥❡❝t r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✱ ✐s ❞❡s❝r✐❜❡❞ ✐♥
✜❣✉r❡ ✹✳

❆t ♣❧❛♥♥✐♥❣ t✐♠❡ tk t❤❡ r♦❜♦t ♥❡❡❞s t♦ ❡①❛♠✐♥❡ s♦♠❡ ❝❛♥❞✐❞❛t❡ s❡q✉❡♥❝❡
♦❢ ❛❝t✐♦♥s ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ ✇❤❛t ✐s t❤❡ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r②✳ ■♥ ❡❛❝❤ ❢✉t✉r❡
st❡♣✱ t❤❡ r♦❜♦t ♦❜s❡r✈❡s ❧❛♥❞♠❛r❦s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ ✐♥ ♦r❞❡r t♦ ✐♥❢❡r ✐t✬s st❛t❡
❢r♦♠ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡
♣♦st❡r✐♦r✱ ✐t ♥❡❡❞s t♦ ❞❡t❡r♠✐♥❡ ✐♥ ❡❛❝❤ ❢✉t✉r❡ st❡♣ ✇❤❡t❤❡r t❤❡ ♦❜s❡r✈❡❞ ♦❜❥❡❝t
✐s r❡❝♦❣♥✐③❡❞✳

■♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ❛♥ ♦❜❥❡❝t ✐s r❡✲✐❞❡♥t✐✜❡❞✱ ✇❡ ♥❡❡❞ t♦ ❝❛❧❝✉❧❛t❡
t❤❡ ❡①❛♠✐♥❡❞ ▲❖❙ ❛♥❞ t❤❡ ♣r❡s❡r✈❡❞ ▲❖❙✬s ❢r♦♠ ❙▲❆▼ ❛♥❞ ♣❧❛♥♥✐♥❣ ♣❛rts✳
❲❡ ✉s❡ t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ t❤❡ r♦❜♦t ❛♥❞ ❧❛♥❞♠❛r❦ ❝♦♦r❞✐♥❛t❡s✱ ✐♥ ♦r❞❡r t♦
❝❛❧❝✉❧❛t❡ t❤❡ ❡①❛♠✐♥❡❞ ▲❖❙ ❛t t✐♠❡ tk+i✳

❚❤❡ ♣r❡s❡r✈❡❞ ▲❖❙✬s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❡st✐♠❛t❡❞ ✐♥ t❤❡ ❙▲❆▼ st❛❣❡
✭✇❤✐❝❤ ❝♦♥t✐♥✉❡s ✉♥t✐❧ ♣❧❛♥♥✐♥❣ t✐♠❡ tk❀ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❜❧✉❡ ♣❛rt ✐♥ ✜❣✉r❡ ✹✮✱
❛♥❞ ❢r♦♠ t❤❡ ❡①♣❡❝t❡❞ ❞❛t❛ ✐♥ t❤❡ ♣❧❛♥♥✐♥❣ ♣❛rt ✭❜❡❣✐♥s ❛t ♣❧❛♥♥✐♥❣ t✐♠❡ tk
❛♥❞ ❝♦♥t✐♥✉❡s ✉♥t✐❧ t✐♠❡ tk+i−1❀ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♦r❛♥❣❡ ♣❛rt ✐♥ ✜❣✉r❡ ✹✮✳

❲❡ ❝❤❡❝❦ ✐❢ t❤❡ ❡①❛♠✐♥❡❞ ▲❖❙ ✐s ✐♥s✐❞❡ ♦♥❡ ♦❢ ♣r❡✈✐♦✉s ❝♦♥❡s ♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥
t❤❛t ✇❡r❡ ❞❡✜♥❡❞ ❜② t❤❡ ♣r❡s❡r✈❡❞ ▲❖❙✬s✳ ■❢ s♦✱ t❤❡ ♦❜❥❡❝t ✐s r❡✲✐❞❡♥t✐✜❡❞❀ ♦t❤✲
❡r✇✐s❡✱ t❤❡ ♦❜❥❡❝t ✐s ♥♦t r❡✲✐❞❡♥t✐✜❡❞✳ ◆♦t❡ t❤❛t ✐❢ t❤❡ ♦❜❥❡❝t ✐s ♥♦t r❡✲✐❞❡♥t✐✜❡❞✱
✐t ✇✐❧❧ ❜❡ ❝❧❛ss✐✜❡❞ ❛s ❛ ♥❡✇ ♦❜❥❡❝t✳ ❚❤❡r❡❢♦r❡ ✐t ✇✐❧❧ ♥♦t ❛❞❞ ♥❡✇ ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t t❤❡ r♦❜♦t✬s st❛t❡✱ ❛♥❞ ✇✐❧❧ ♥♦t ❝❛✉s❡ ❛ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ❝♦✈❛r✐❛♥❝❡✳

✶✹



❋✐❣✉r❡ ✹✿ ❈♦♥❝❡♣t ❞❡s❝r✐♣t✐♦♥✳

✽✳✷ ❱✐❡✇♣♦✐♥t ❆✇❛r❡ ❇❙P

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♣t ♠❡♥t✐♦♥❡❞
❛❜♦✈❡ ✐♥ s❡❝t✐♦♥ ✽✳✶✳

✽✳✷✳✶ ❉❡✜♥❡ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t②

■♥ ♦r❞❡r t♦ ♠♦❞❡❧ ♦❜❥❡❝t r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✱ ✇❡ ❞❡✜♥❡ ❛ ♥❡✇ ❜✐♥❛r② r❛♥❞♦♠ ✈❛r✐✲
❛❜❧❡ γi,j ❢♦r ❡❛❝❤ ♦❜s❡r✈❛t✐♦♥ zi,j ✱ ✐♥ ♦r❞❡r t♦ r❡♣r❡s❡♥t t❤❡ ❡✈❡♥t ♦❢ t❤✐s ♠❡❛s✉r❡✲
♠❡♥t ❜❡✐♥❣ ❛❝q✉✐r❡❞✳ ❚❤❡ ♥❡✇ ✈❛r✐❛❜❧❡ γi,j ✐♥❞✐❝❛t❡s ✇❤❡t❤❡r ❛ ♠❡❛s✉r❡♠❡♥t
♦❢ ❧❛♥❞♠❛r❦ j ✐s ❛❝q✉✐r❡❞ ❛t t✐♠❡ i✳ ■❢ t❤❡ ❧❛♥❞♠❛r❦ ✐s r❡❝♦❣♥✐③❡❞ ✭t❤❡ ♠❡❛s✉r❡✲
♠❡♥t ✐s ❛❝q✉✐r❡❞✮✱ γi,j = 1✱ ♦t❤❡r✇✐s❡ γi,j = 0 ✭❛s ❞❡s❝r✐❜❡❞ ✐♥ ✜❣✉r❡ ✺✮✳ ❲❡
❞❡✜♥❡ ❛❧s♦ Γi

.
= {γi,j}

ni

j=1 ✱ ✇❤❡r❡ ni ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ ♦❜s❡r✈❛t✐♦♥s ❛t
t✐♠❡ ti✳

✶✺



❋✐❣✉r❡ ✺✿ γi,j ❞❡✜♥✐t✐♦♥✳

■♥ ♦r❞❡r t♦ s♦❧✈❡ t❤❡ ●❛✉ss✐❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❜❡❧✐❡❢ ✭✶✼✮ ✇❡ ♥❡❡❞ t♦
t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ✇❡ ❞♦ ♥♦t ❦♥♦✇ ❛❤❡❛❞ ♦❢ t✐♠❡ ✇❤❡t❤❡r ♦r ♥♦t ❛ ❢✉t✉r❡
♦❜s❡r✈❛t✐♦♥ zk+l,j ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞✱ ♠❡❛♥✐♥❣ ✇❤❡t❤❡r t❤❡ ❧❛♥❞♠❛r❦ j ✇✐❧❧ ❜❡
r❡✲✐❞❡♥t✐✜❡❞ ❛t t✐♠❡ k + l✱ ❛♥❞ ✇❤❛t t❤❡ ♠❡❛s✉r❡♠❡♥t ✇✐❧❧ ❜❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡
tr❡❛t zi,j ❛♥❞ Γi ❛s r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳

❲❡ ❞❡✜♥❡ ❛ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦✈❡r t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ ♦✉r ♣r♦❜✲
❧❡♠✿

p(Xk+l, Γk+1:k+l, Zk+1:k+l|Hk, uk:k+l−1). ✭✷✶✮

❇② ✉s✐♥❣ t❤❡ ❝❤❛✐♥ r✉❧❡ ♦♥ ❡q✉❛t✐♦♥ ✭✷✶✮✱ ✇❡ ❣❡t✿

p (Xk+l, Γk+1:k+l|Hk, Zk+1:k+l, uk:k+l−1) p (Zk+1:k+l|Hk, uk:k+l−1) . ✭✷✷✮

❲❡ t❛❦❡ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t p (Zk+1:k+l|Hk, uk:k+l−1) ✐s ✉♥✐♥❢♦r♠❛t✐✈❡ ✭✇❤✐❝❤
✐s ❛ ❢❛✐r❧② st❛♥❞❛r❞ ❛ss✉♠♣t✐♦♥✱ ❜❡❝❛✉s❡ ✇❡ ❝❛♥ ♥♦t s❛② ♠✉❝❤ ❛❜♦✉t ❢✉t✉r❡ ♠❡❛✲
s✉r❡♠❡♥ts ❣✐✈❡♥ ♦♥❧② t❤❡ ❝♦♥tr♦❧s ❛♥❞ t❤❡ ♣❛st ♠❡❛s✉r❡♠❡♥ts✮ ❛♥❞ ❣❡t✿

p(Xk+l, Γk+1:k+l, Zk+1:k+l|Hk, uk:k+l−1) ∝

p (Xk+l, Γk+1:k+l|Hk, Zk+1:k+l, uk:k+l−1) . ✭✷✸✮

❘❡❝❛❧❧ ❢r♦♠ s❡❝t✐♦♥ ✼✳✷✱ ✐♥ ♦r❞❡r t♦ ✉s❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐♥ ❡q✉❛t✐♦♥
✭✶✸✮✱ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❡ ❜❡❧✐❡❢ b(Xk+l)✱ ❜✉t ❛s Zi ❛♥❞ Γi ❛r❡ tr❡❛t❡❞ ❛s r❛♥❞♦♠
✈❛r✐❛❜❧❡s✱ ✇❡ ♦♥❧② ❦♥♦✇ t❤❡ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ❢✉♥❝t✐♦♥ ✐♥ ❡q✉❛t✐♦♥ ✭✷✸✮✳

❚❤❡r❡❢♦r❡✱ ✐♥ ♦r❞❡r t♦ ❣❡t t❤❡ ❜❡❧✐❡❢✱ b(Xk+l) ✇❡ ♠❛r❣✐♥❛❧✐③❡ t❤❡ ❧❛t❡♥t ✈❛r✐✲
❛❜❧❡s Γk+1:k+l ❛♥❞ ❣❡t✿

b(Xk+l) = p(Xk+l|Hk, Zk+1:k+l, uk:k+l−1) =∑

Γk+1:k+l

p (Xk+l, Γk+1:k+l|Hk, Zk+1:k+l, uk:k+l−1) . ✭✷✹✮

❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❝❛s❡ ♦❢ ♦♥❧② ♦♥❡ ♠❡❛s✉r❡♠❡♥t✱ ✐♥ ♦♥❧② ♦♥❡ t✐♠❡ st❡♣✱ Γk+1 =
{γk+1,1}✱ t❤❡ ❧❛st t❡r♠ ✇✐❧❧ ❜❡ ❡①♣❛♥❞❡❞ ❛s✿

✶✻



∑

Γk+1

p (Xk+1, Γk+1|Hk, Zk+1, uk) =
∑

γk+1,1

p (Xk+1, γk+1,1|Hk, Zk+1, uk) . ✭✷✺✮

❙✐♥❝❡ γk+1,1 ✐s ❛ ❜✐♥❛r② r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ ✐✳❡✳ ❝❛♥ ❜❡ ❡✐t❤❡r ✶ ♦r ✵✱ ❡q✉❛t✐♦♥ ✭✷✺✮
❝❛♥ ❜❡ ❡①♣❧✐❝✐t❧② ✇r✐tt❡♥ ❛s✿

∑

γk+1,1

p (Xk+1, γk+1,1|Hk, Zk+1, uk) =

p (Xk+1, γk+1,1 = 1|Hk, Zk+1, uk) + p (Xk+1, γk+1,1 = 0|Hk, Zk+1, uk) . ✭✷✻✮

✽✳✷✳✷ ❊①❛♠✐♥❛t✐♦♥ ♦❢ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ❞❡r✐✈❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡①❛♠✐♥❡ t❤❡ ✜♥❛❧ r❡s✉❧t ♦❢ t❤❡ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ❞❡r✐✈❛t✐♦♥
✇❤✐❧❡ ♠♦❞❡❧✐♥❣ ♦❜❥❡❝t r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t②
✐♥ ❡q✉❛t✐♦♥ ✭✷✸✮ ✇✐❧❧ ❣✐✈❡ t❤❡ ✜♥❛❧ r❡s✉❧t ✭❢✉❧❧ ❞❡r✐✈❛t✐♦♥ ✐s ❞❡t❛✐❧❡❞ ✐♥ s❡❝t✐♦♥
✽✳✷✳✸✮✿

p (Xk+l, Γk+1:k+l|Hk+l) ≡ p (Xk+l, Γk+1:k+l|Hk, Zk+1:k+l, uk:k+l−1) ∝

p (Xk|Hk)

l∏

i=1

p (xk+i|xk+i−1, uk+i−1) p
(
Zk+i,Γk+i|Hk+i−1, X

o
k+i

)
, ✭✷✼✮

✇❤❡r❡ Hk+l
.
= {u0:k+l−1, Z0:k+l}✱ ❛♥❞ ✇✐t❤

p
(
Zk+i,Γk+i|Hk+i−1, X

o
k+i

)
= p

(
Zk+i|X

o
k+i,Γk+i

)
p
(
Γk+i|Hk+i−1, X

o
k+i

)
,

✭✷✽✮
✇❤✐❝❤ ❝❛♥ ❜❡ ❢✉rt❤❡r ❡①♣❛♥❞❡❞ ✐♥ t❡r♠s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♦❜s❡r✈❛t✐♦♥s zk+i,j ∈ Zk+i✱
✐✳❡✳✿

p
(
Zk+i,Γk+i|Hk+i−1, X

o
k+i

)
=

ni∏

j=1

p (zk+i,j |xk+i, lj , γk+i,j) p (γk+i,j |Hk+i−1, xk+i, lj) .

✭✷✾✮
P❧✉❣❣✐♥❣ ✐♥ ❡q✉❛t✐♦♥ ✭✷✾✮ ✐♥t♦ ❡q✉❛t✐♦♥ ✭✷✼✮ ✇❡ ❣❡t✿

p (Xk+l, Γk+1:k+l|Hk+l) ∝ p (Xk|Hk)

l∏

i=1

p (xk+i|xk+i−1, uk+i−1) ·

·

ni∏

j=1

p (zk+i,j |xk+i, lj , γk+i,j) p (γk+i,j |Hk+i−1, xk+i, lj) . ✭✸✵✮

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✈❛r✐❛❜❧❡s γk+i,j ❛r❡ st❛t✐st✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t✳ ❆❧s♦ ♥♦t❡
t❤❡ ❞✐✛❡r❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❡r✐✈❛t✐♦♥ ✐♥ s❡❝t✐♦♥ ✼✳✷ ✱ ❡q✉❛t✐♦♥ ✭✶✾✮ ❛♥❞

✶✼



✐♥ ■♥❞❡❧♠❛♥ ❡t ❛❧✳✱ ✷✵✶✺ ❬✹❪✱ ✇❤❡r❡ t❤❡ ❧❛st t❡r♠ ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❞♦❡s ♥♦t
❛❝❝♦✉♥t ❢♦r t❤❡ ❤✐st♦r② Hk+i−1✳

■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ✜♥❛❧ r❡s✉❧t ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥ ✐♥ ❡q✉❛t✐♦♥ ✭✸✵✮✱ ✐s
❝♦♠♣♦s❡❞ ♦❢ t❤r❡❡ ♠❛✐♥ t❡r♠s✿

❚❤❡ ✜rst t✇♦ t❡r♠s ❛r❡ t❤❡ s❛♠❡ ❛s s❡❡♥ ✐♥ ❡q✉❛t✐♦♥ ✭✶✾✮ ✇❤❡♥ ❛ss✉♠✐♥❣
✐❞❡❛❧ ♦❜❥❡❝t ✐❞❡♥t✐✜❝❛t✐♦♥✳ p (Xk|Hk) ✐s t❤❡ ✐♥❢❡r❡♥❝❡ ✐♥ t❤❡ ♣❛st ✉♥t✐❧ ♣❧❛♥♥✐♥❣
t✐♠❡ tk ✭❙▲❆▼✮ ❛♥❞ p (xk+i|xk+i−1, uk+i−1) ✐s ♠♦t✐♦♥ ♠♦❞❡❧ ❢♦r l ❢✉t✉r❡ st❛t❡s
❢r♦♠ ♣❧❛♥♥✐♥❣ t✐♠❡ tk✳

❚❤❡ ❧❛st t❡r♠ ✐s ♥♦✇ ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ❞✐✛❡r❡♥t t❡r♠s ✭❞✐✛❡r❡♥t❧② t❤❛♥
✐♥ ❡q✉❛t✐♦♥ ✭✶✾✮ ✇❤❡♥ ❛ss✉♠✐♥❣ ✐❞❡❛❧ ♦❜❥❡❝t ✐❞❡♥t✐✜❝❛t✐♦♥✮✳ ❚❤❡ ✜rst t❡r♠
p (zk+i,j |xk+i, lj , γk+i,j) r❡♣r❡s❡♥ts t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ❣❡t ❛ ❝❡rt❛✐♥ ♠❡❛s✉r❡♠❡♥t
zk+i,j ✱ ❣✐✈❡♥ r♦❜♦t st❛t❡ xk+i✱ ❧❛♥❞♠❛r❦ ❝♦♦r❞✐♥❛t❡s lj ✱ ❛♥❞ ❞❛t❛ ❛❜♦✉t ♦❜❥❡❝t
✐❞❡♥t✐✜❝❛t✐♦♥ γk+i,j ✲ ✇❤❡t❤❡r t❤❡ ♠❡❛s✉r❡♠❡♥t ✐s ❛❝q✉✐r❡❞ ♦r ♥♦t✳ ■♥ t❤❡ ❝❛s❡
♦❢ ♦❜❥❡❝t ✐❞❡♥t✐✜❝❛t✐♦♥ ✭♠❡❛♥✐♥❣ ♠❡❛s✉r❡♠❡♥t ❛❝q✉✐r❡♠❡♥t✮ ✲ t❤❡ t❡r♠ ✇✐❧❧ t✉r♥
✐♥t♦ t❤❡ ❜❛s✐❝ ♠❡❛s✉r❡♠❡♥t ♠♦❞❡❧ ❛s ✐♥ ❡q✉❛t✐♦♥ ✭✶✾✮✱ ❛♥❞ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝❛❧❝✉✲
❧❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛❝q✉✐r✐♥❣ ❛ ♠❡❛s✉r❡♠❡♥t✳ ■❢ t❤❡ ♦❜❥❡❝t ✐s ♥♦t ✐❞❡♥t✐✜❡❞ ✲
t❤✐s t❡r♠ ✐s ✉♥✐♥❢♦r♠❛t✐✈❡✱ ❜❡❝❛✉s❡✱ ✇❤❡♥ t❤❡ ♠❡❛s✉r❡♠❡♥t ✐s ♥♦t ❛❝q✉✐r❡❞✱ ❛♥❞
t❤❡r❡❢♦r❡ ❧♦♦♣ ❝❧♦s✉r❡ ❞♦❡s ♥♦t ❛❝❤✐❡✈❡❞✱ ✐t ✐s ✉s❡❧❡ss t♦ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❛❜✐❧✐t②
♦❢ ❛❝❤✐❡✈✐♥❣ ❛ ❝❡rt❛✐♥ ♠❡❛s✉r❡♠❡♥t✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ p (γk+i,j |Hk+i−1, xk+i, lj)
r❡♣r❡s❡♥ts t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛❝q✉✐r✐♥❣ ❛ ♠❡❛s✉r❡♠❡♥t j ❛t t✐♠❡ k+ i✱ ❣✐✈❡♥ t❤❡
❤✐st♦r② Hk+i−1✱ r♦❜♦t st❛t❡ xk+i ❛♥❞ ❧❛♥❞♠❛r❦ ❝♦♦r❞✐♥❛t❡s lj ✳

■♥ t❤✐s ✇♦r❦✱ ❛s ♦♣♣♦s❡❞ t♦ ❡①✐st✐♥❣ ❇❙P ❛♣♣r♦❛❝❤❡s ✇❤✐❝❤ ❛r❡ ❞❡s❝r✐❜❡❞
✐♥ s❡❝t✐♦♥ ✼✳✷ ✭❛♥❞ ❢♦r ❡①❛♠♣❧❡ ❧✐❦❡ ✐♥ ♣r❡✈✐♦✉s ✇♦r❦ ♦❢ ❬✹❪✮✱ ✇❡ ❛r❡ ♠♦❞❡❧✲
✐♥❣ t❤❡ ❡✈❡♥t ♦❢ ❛❝q✉✐r✐♥❣ ❛ ♠❡❛s✉r❡♠❡♥t ❛s ❛♥ ❡✈❡♥t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡
♣❛st ❡st✐♠❛t❡❞ r♦❜♦t st❛t❡s✱ ✇♦r❧❞ st❛t❡s ❛♥❞ ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡ t❤❡ t❡r♠
p (γk+i,j |Hk+i−1, xk+i, lj) ✐♥❝❧✉❞❡s t❤❡ ❤✐st♦r② Hk+i−1✳ ❚❤❡ ❝♦♥❝❡♣t ♦❢ ❞❡t❡r✲
♠✐♥❛t✐♦♥ ✇❤❡t❤❡r ❛ ♠❡❛s✉r❡♠❡♥t ✐s ❛❝q✉✐r❡❞✱ ♠❡❛♥✐♥❣ ✇❤❡t❤❡r ❛ ❧❛♥❞♠❛r❦ ✐s
r❡✲✐❞❡♥t✐✜❡❞✱ ✐s ❞❡s❝r✐❜❡❞ ✉s✐♥❣ ✜❣✉r❡ ✹ ✐♥ s❡❝t✐♦♥ ✽✳✶✳

◆♦t❡ t❤❛t t❤❡ t❡r♠ Hk+i−1 = {Hk, uk:k+i−2, zk+1:k+i−1} ✐♥❝❧✉❞❡s t❤❡ ✐♥✲
❢♦r♠❛t✐♦♥ t❤❛t ✐s ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r t❤❡ ♠❡❛s✉r❡♠❡♥t ❤❛s
❜❡❡♥ ❛❝q✉✐r❡❞ ✐♥ t✇♦ ❧❡✈❡❧s✳ ❋✐rst✱ ✐t ✐♥❝❧✉❞❡s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ❙▲❆▼
♣❛rt ✉♥t✐❧ t✐♠❡ tk ✭Hk✱ ❞❡s❝r✐❜❡❞ ✉s✐♥❣ ❜❧✉❡ ❝♦❧♦r ✐♥ ✜❣✉r❡ ✹✮✳ ❙❡❝♦♥❞✱ ✐t ❛❧s♦
✐♥❝❧✉❞❡s t❤❡ ❡①♣❡❝t❡❞ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ❝♦♥tr♦❧s✱ ❢r♦♠
♣❧❛♥♥✐♥❣ t✐♠❡ tk ✉♥t✐❧ t✐♠❡ tk+i ✐♥ t❤❡ ❢✉t✉r❡ (uk:k+i−2, zk+1:k+i−1✱ ❞❡s❝r✐❜❡❞
✉s✐♥❣ ♦r❛♥❣❡ ❝♦❧♦r ✐♥ ✜❣✉r❡ ✹✮✳

■♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ❛ ♠❡❛s✉r❡♠❡♥t ✐s ❛❝q✉✐r❡❞✱ ✇❡ ✉s❡ t❤❡ ❞❛t❛
❛❜♦✉t r♦❜♦t st❛t❡ xk+i ❛♥❞ ❧❛♥❞♠❛r❦ ❝♦♦r❞✐♥❛t❡s lj ✱ ❛t t❤❡ ❡①❛♠✐♥❡❞ t✐♠❡ st❡♣
tk+i✱ t♦ ❝♦♠♣✉t❡ t❤❡ ❝✉rr❡♥t ▲❖❙✳ ❚❤❡ ♣r❡s❡r✈❡❞ ▲❖❙✬s ✭✇❤✐❝❤ ✐s ❝♦♠♣♦s❡❞ ♦❢
❡st✐♠❛t❡❞ ▲❖❙✬s ✐♥ t❤❡ ❙▲❆▼ ♣❛rt✱ ❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ▲❖❙✬s ✐♥ t❤❡ ♣❧❛♥♥✐♥❣
♣❛rt✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❤✐st♦r② Hk+i−1✳ ◆♦t❡ t❤❛t X∗

k+i−1 ❝❛♥ ❜❡

♦❜t❛✐♥❡❞ ❢r♦♠ p (Xk+i−1|Hk+i−1) = N
(
X∗

k+i−1,Λ
−1
k+i−1

)
✳

◆♦✇✱ ✇❡ ❤❛✈❡ ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ❛ ♠❡❛s✉r❡✲
♠❡♥t ✐s ❛❝q✉✐r❡❞✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✽✳✶✿ ✐❢ t❤❡ ❡①❛♠✐♥❡❞ ▲❖❙ ✐s ✐♥s✐❞❡ ♦♥❡
♦❢ ♣r❡✈✐♦✉s ❝♦♥❡s ♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥ t❤❡♥ t❤❡ ♦❜❥❡❝t ✐s ✐❞❡♥t✐✜❡❞ ❛♥❞ t❤❡ ♠❡❛s✉r❡✲
♠❡♥t ✐s ❛❝q✉✐r❡❞✱ ❡❧s❡✱ t❤❡ ♠❡❛s✉r❡♠❡♥t ✐s ♥♦t ❛❝q✉✐r❡❞✳

✶✽



❚❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♣r♦❝❡ss ❛❜♦✉t ♠❡❛s✉r❡♠❡♥t ❛❝q✉✐r❡♠❡♥t ✐s ❞❡s❝r✐❜❡❞ ✐♥
✜❣✉r❡ ✻✳

❋✐❣✉r❡ ✻✿ ❉❡t❡r♠✐♥❛t✐♦♥ ♣r♦❝❡ss ❛❜♦✉t ♠❡❛s✉r❡♠❡♥t ❛❝q✉✐r❡♠❡♥t✳

✽✳✷✳✸ ❋✉❧❧ ❞❡r✐✈❛t✐♦♥ ♦❢ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❢✉❧❧ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ✐♥ ❡q✉❛t✐♦♥
✭✷✸✮✱ ✇❤✐❝❤ ✐ts ✜♥❛❧ r❡s✉❧t ✇❛s ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✽✳✷✳✷✳

❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✷✸✮ ♣r♦❝❡❡❞s ✐♥ ❛ r❡❝✉rs✐✈❡ ♠❛♥♥❡r ❛s ❢♦❧❧♦✇s

p (Xk+l, Γk+1:k+l|Hk, Zk+1:k+l, uk:k+l−1) =

p (Zk+l,Γk+l|Hk+l−1, uk+l−1, Xk+l,Γk+1:k+l−1) p (Xk+l,Γk+1:k+l−1|Hk+l−1, uk+l−1)

p (Zk+l|Hk+l−1, uk+l−1)
,

✭✸✶✮

✇❤❡r❡ Hk+l−1
.
= {u0:k+l−2, Z0:k+l−1}✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ t❡r♠ p (Zk+l|Hk+l−1, uk+l−1) ✐s ✉♥✐♥❢♦r♠❛t✐✈❡✱ t❤❡r❡❢♦r❡
✇❡ ❝❛♥ ✇r✐t❡ ❡q✉❛t✐♦♥ ✭✸✶✮ ❛s✿

✶✾



p (Xk+l, Γk+1:k+l|Hk, Zk+1:k+l, uk:k+l−1) ∝

p (Zk+l,Γk+l|Hk+l−1, uk+l−1, Xk+l,Γk+1:k+l−1) p (Xk+l,Γk+1:k+l−1|Hk+l−1, uk+l−1) .

✭✸✷✮

❲❡ ♥♦✇ ♣r♦❝❡❡❞ ✇✐t❤ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ t✇♦ t❡r♠s ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥
s❡♣❛r❛t❡❧②✳

❚❡r♠ p (Xk+l,Γk+1:k+l−1|Hk+l−1, uk+l−1) ❆♣♣❧②✐♥❣ ❝❤❛✐♥ r✉❧❡ ✇❡ ❣❡t

p (Xk+l,Γk+1:k+l−1|Hk+l−1, uk+l−1) =

p (xk+l|Hk+l−1, uk+l−1, Xk+l−1,Γk+1:k+l−1) p (Xk+l−1,Γk+1:k+l−1|Hk+l−1, uk+l−1) =

p (xk+l|xk+l−1, uk+l−1) p (Xk+l−1,Γk+1:k+l−1|Hk+l−1) , ✭✸✸✮

✇❤❡r❡ ✐♥ t❤❡ ❧❛st ❡q✉❛t✐♦♥ ✭✸✸✮ ✇❡ ✉s❡❞ t❤❡ ▼❛r❦♦✈✐❛♥ ♣r♦♣❡rt② ♦❢ t❤❡ ♠♦t✐♦♥
♠♦❞❡❧ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❢✉t✉r❡ ❝♦♥tr♦❧ ❞♦❡s ♥♦t ✐♠♣❛❝t ♣❛st✴❝✉rr❡♥t st❛t❡✳

❲❡ ❛❧s♦ ✉s❡❞ t❤❡ ❛ss✉♠♣t✐♦♥ Lk ≡ Lk+l✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ✇♦r❧❞ st❛t❡
✐♥ ♣❧❛♥✐♥❣ t✐♠❡ k ✐s t❤❡ s❛♠❡ st❛t❡ ❛s ✐♥ ❢✉t✉r❡ t✐♠❡ k + l✳ ❚❤❡r❡❢♦r❡ Xk+l =
Xk+l−1 ∪ xk+l✳

❚❡r♠ p (Zk+l,Γk+l|Hk+l−1, uk+l−1, Xk+l,Γk+1:k+l−1) ❆❧s♦ ❤❡r❡✱ ✇❡ ❛♣♣❧② ❝❤❛✐♥
r✉❧❡ ❛♥❞ ❣❡t

p (Zk+l,Γk+l|Hk+l−1, uk+l−1, Xk+l,Γk+1:k+l−1) =

p (Zk+l|Hk+l−1, uk+l−1, Xk+l,Γk+1:k+l) p (Γk+l|Hk+l−1, uk+l−1, Xk+l,Γk+1:k+l−1) =

p
(
Zk+l|X

o
k+l,Γk+l

)
p
(
Γk+l|Hk+l−1, X

o
k+l

)
. ✭✸✹✮

❚❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ❧❛st ❡q✉❛t✐♦♥ ✭✸✹✮ ✇❛s ♦❜t❛✐♥❡❞ ❜② r❡❝❛❧❧✐♥❣ t❤❡ ♠❡❛s✉r❡✲
♠❡♥t ♠♦❞❡❧✳ ❚♦ ❣❡t t♦ t❤❡ s❡❝♦♥❞ t❡r♠ ✇❡ ❡♠♣❧♦②❡❞ s✐♠♣❧✐✜❝❛t✐♦♥ ❜② ❛ss✉♠✐♥❣
Γk+l ❛♥❞ Γk+1:k+l−1 ❛r❡ st❛t✐st✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t✳ ❖♥❡ ❝❛♥ s✐♠♣❧✐❢② ❢✉rt❤❡r✱
❛♥❞ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❤✐st♦r② ❛t ♣❧❛♥♥✐♥❣ t✐♠❡ k✱ ✐✳❡✳ p

(
Γk+l|Hk, X

o
k+l

)
✳

P❧✉❣❣✐♥❣ ✐♥ ✐♥t♦ ❊q✳ ✭✸✶✮ ✭p (Xk+l, Γk+1:k+l|Hk+l)✮ ❈♦♠❜✐♥✐♥❣ t❤❡ t✇♦
t❡r♠s ✇❡ ❣❡t

p (Xk+l, Γk+1:k+l|Hk+l) ∝ p (Xk+l−1,Γk+1:k+l−1|Hk+l−1) ·

· p (xk+l|xk+l−1, uk+l−1) p
(
Zk+l|X

o
k+l,Γk+l

)
p
(
Γk+l|Hk+l−1, X

o
k+l

)
✭✸✺✮

✷✵



❆s s❡❡♥✱ ❛ r❡❝✉rs✐✈❡ ❢♦r♠✉❧❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞✳ Pr♦❝❡❡❞✐♥❣ ✐♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r ❛❧❧
t❤❡ ✇❛② ✉♥t✐❧ l = 1 ✇❡ ❣❡t

p (Xk+l, Γk+1:k+l|Hk+l) ≡ p (Xk+l, Γk+1:k+l|Hk, Zk+1:k+l, uk:k+l−1) ∝

p (Xk|Hk)

l∏

i=1

p (xk+i|xk+i−1, uk+i−1) p
(
Zk+i,Γk+i|Hk+i−1, X

o
k+i

)
. ✭✸✻✮

✷✶



✾ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❞❡t❛✐❧s

❲❡ ❞❡✜♥❡ t❤❡ ❡✈❡♥t ♦❢ ❛❝q✉✐r✐♥❣ ❛ ♠❡❛s✉r❡♠❡♥t ❛s ❛♥ ❡✈❡♥t ✐♥ ✇❤✐❝❤ t❤❡ r♦❜♦t
r❡❝♦❣♥✐③❡s t❤❡ ❧❛♥❞♠❛r❦✱ t❤✐s ✇✐❧❧ ❤❛♣♣❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✶✳ ❚❤❡ ❧❛♥❞♠❛r❦ ✐s ✐♥ ❝❛♠❡r❛✬s ✜❡❧❞ ♦❢ ✈✐❡✇

✷✳ ❚❤❡ ❧❛♥❞♠❛r❦ ✐s ✐♥ ❛ s✉✐t❛❜❧❡ r❛♥❣❡ ❢♦r ❞❡t❡❝t✐♦♥

✸✳ ❚❤❡ ❧❛♥❞♠❛r❦ ✐s r❡❝♦❣♥✐③❡❞ ❛s ❛ ❦♥♦✇♥ ❧❛♥❞♠❛r❦

❆ r❡❝♦❣♥✐t✐♦♥ ♦❢ ❛ ❧❛♥❞♠❛r❦ ❝❛♥ ♦❝❝✉r ✐❢ t❤❡ ❧❛♥❞♠❛r❦ ❤❛s ❜❡❡♥ s❡❡♥ ❜❡❢♦r❡ ❢r♦♠
❛ s✐♠✐❧❛r ✈✐❡✇ ❞✐r❡❝t✐♦♥✱ ✇❡ ✉s❡ ▲❖❙ ✭❧✐♥❡ ♦❢ s✐❣❤t✮ ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ ✈✐❡✇
❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❧❛♥❞♠❛r❦ ❢r♦♠ t❤❡ r♦❜♦t✬s ❝❛♠❡r❛ ♣♦✐♥t ♦❢ ✈✐❡✇ ✭❛s ❡①♣❧❛✐♥❡❞
✐♥ s❡❝t✐♦♥ ✽✮✳ ■♥ ♦r❞❡r t♦ ❞❡✜♥❡ ✇❤❡t❤❡r ❛ ❧❛♥❞♠❛r❦ ❝❛♥ ❜❡ r❡❝♦❣♥✐③❡❞✱ ✇❡ ♥❡❡❞
t♦ ♣r❡s❡r✈❡ ❛❧❧ t❤❡ ❧✐♥❡ ♦❢ s✐❣❤ts ❢r♦♠ t❤❡ ♣❛st✳

❲❡ ❝❤♦♦s❡ t♦ r❡♣r❡s❡♥t t❤❡ ▲❖❙✱ s❡♣❛r❛t❡❞ ✐♥t♦ ✈❡rt✐❝❛❧ ❛♥❞ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡
✭❢♦r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝♦♥✈❡♥✐❡♥❝❡✮ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ✜❣✉r❡ ✭✼✮✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✐♥
t❤✐s ✇♦r❦ ✇❡r❡ ♠❛❞❡ ✐♥ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ♣❧❛♥❡s✱ ❜✉t ❛♥♦t❤❡r ♦♣t✐♦♥ ✐s t♦
♣❡r❢♦r♠ s✐♠✐❧❛r ❝❛❧❝✉❧❛t✐♦♥s ✐♥ ✸❉✳

❋✐❣✉r❡ ✼✿ ▲❖❙ ❉❡s❝r✐♣t✐♦♥✳

■♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ λH ❛♥❞ λV ✇❡ ✇✐❧❧ ✇r✐t❡ ✐♥ ❞❡t❛✐❧ t❤❡ r♦❜♦t✬s ♣♦s✐t✐♦♥
✈❡❝t♦r ❛♥❞ ❧❛♥❞♠❛r❦✬s ♣♦s✐t✐♦♥ ✈❡❝t♦r✿

✷✷



x̂i =




x̂R

ŷR
ẑR


 l̂j =




x̂L

ŷL
ẑL




❚❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❧❛♥❞♠❛r❦ ✇✐t❤ r❡s♣❡❝t t♦ r♦❜♦t✬s ♣♦s✐t✐♦♥ ✐s✿

RelativePosition = l̂j − x̂i =




x̂Rel

ŷRel

ẑRel


 =




x̂L − x̂R

ŷL − ŷR
ẑL − ẑR




λH ✐s t❤❡ ❤♦r✐③♦♥t❛❧ ❛♥❣❧❡ ♦❢ t❤❡ ▲❖❙✿

λH = arctan
ŷrel

x̂rel

λV ✐s t❤❡ ✈❡rt✐❝❛❧ ❛♥❣❧❡ ♦❢ t❤❡ ▲❖❙✿

λV = arctan
ẑrel√

x̂2
rel + ŷ2rel

◆♦t❡ t❤❛t λH ✱λV ❛r❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ ❡st✐♠❛t❡❞ ✈❛❧✉❡s ♦❢ r♦❜♦t✬s ♣♦s✐t✐♦♥ ❛♥❞
♦❢ ❧❛♥❞♠❛r❦✬s ♣♦s✐t✐♦♥✳

❘❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♥❡ ♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥ ✭s❡❡ s❡❝t✐♦♥ ✽✳✶✮✳ ■♥ ♦r❞❡r t♦
r❡♣r❡s❡♥t t❤❡ ❝♦♥❡ ♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥ ✇❡ ❞❡✜♥❡ ❛♥ ❡q✉❛❧ r❛❞✐✉s ❢♦r ❡❛❝❤ ♣❧❛♥❡
✭✈❡rt✐❝❛❧ ❛♥❞ ❤♦r✐③♦♥t❛❧✮ ✐♥ ✇❤✐❝❤ t❤❡ ❝♦♠♣✉t❡r ✈✐s✐♦♥ ❛❧❣♦r✐t❤♠s ✇✐❧❧ st✐❧❧ ❜❡
❛❜❧❡ t♦ r❡❝♦❣♥✐③❡ t❤❡ ♦❜s❡r✈❡❞ ♦❜❥❡❝t✱ ❛♥❞ ♠❛r❦ ✐t ❛s rImP ✳

❲❡ ❞❡✜♥❡✿

λVi,j
✐s λV ♦❢ ❧❛♥❞♠❛r❦ j ✐♥ t✐♠❡ ti

❲❡ ♣r❡s❡r✈❡ ❛❧❧ ❢♦r♠❡r ❧✐♥❡ ♦❢ s✐❣❤ts ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ ✐❢ t❤❡ ❧❛♥❞♠❛r❦ ✐s r❡❝♦❣✲
♥✐③❡❞✳ ❚❤❡r❡❢♦r❡✿

λVs,j
❛r❡ ❢♦r♠❡r ❛♥❣❧❡s t❤❛t ✇❡r❡ ♣r❡s❡r✈❡❞ ❛t t✐♠❡ ts ♦❢ ❧❛♥❞♠❛r❦ j

dsV,j ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ λV ❢r♦♠ t❤❡ ❝✉rr❡♥t ❡①❛♠✐♥❡❞ t✐♠❡ ti
✭λVi,j

✮✱ ❛♥❞ ❛❧❧ ❢♦r♠❡r λV ✭λVs,j
✮✱ ♦❢ ❧❛♥❞♠❛r❦ j✿

dsV,j ,
∣∣λVi,j

✲λVs,j

∣∣ , ∀s ∈ [1, ..., i− 1] ✭✸✼✮

dV.j ✐s t❤❡ ♠✐♥✐♠✉♠ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ λV ❛t ❝✉rr❡♥t ❡①❛♠✐♥❡❞ t✐♠❡ ti
✭λVi,j

✮✱ t♦ ♦♥❡ ♦❢ t❤❡ ❢♦r♠❡r λV ✭λVs,j
✮✱ ♦❢ ❧❛♥❞♠❛r❦ j✿

dV,j = min(dsV.j) ✭✸✽✮

❙✐♠✐❧❛r❧②✱ ✇❡ ❞❡✜♥❡ ❢♦r ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡✿

λHi,j
✐s λH ♦❢ ❧❛♥❞♠❛r❦ j ❛t t✐♠❡ ti

λHs,j
❛r❡ ❢♦r♠❡r ❛♥❣❧❡s t❤❛t ✇❡r❡ ♣r❡s❡r✈❡❞ ❛t t✐♠❡ ts ♦❢ ❧❛♥❞♠❛r❦ j

✷✸



dsH,j ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ λH ❛t ❝✉rr❡♥t ❡①❛♠✐♥❡❞ t✐♠❡ ti ✭λHi,j
✮✱

❛♥❞ ❛❧❧ ❢♦r♠❡r λH ✭λHs,j
✮✱ ♦❢ ❧❛♥❞♠❛r❦ j✿

dsH,j ,
∣∣λHi,j

✲λHs,j

∣∣ , ∀s ∈ [1, ..., i− 1] ✭✸✾✮

dH,j ✐s t❤❡ ♠✐♥✐♠✉♠ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ λH ❛t t❤❡ ❝✉rr❡♥t ❡①❛♠✐♥❡❞ t✐♠❡
ti ✭λHi,j

✮✱ t♦ ♦♥❡ ♦❢ t❤❡ ❢♦r♠❡r λH ✭λHs,j
✮✱ ♦❢ ❧❛♥❞♠❛r❦ j✿

dH,j = min(dsH,j) ✭✹✵✮

❚❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ❛❝q✉✐r❡ ❛ ♠❡❛s✉r❡♠❡♥t j ❛t t✐♠❡ ti ✭γi,j✮✱ ❣✐✈❡♥ ❤✐st♦r②
Hi−1 ✱ r♦❜♦t st❛t❡ xi ❛♥❞ ❧❛♥❞♠❛r❦✬s ❝♦♦r❞✐♥❛t❡s lj ✐s ♠♦❞❡❧❡❞ ❛s

p(γi,j = 1|Hi−1, xi, lj) =

{
1 ✐❢ (dV,j < rImP ❛♥❞ dH,j < rImP )
0 ❡❧s❡

✷✹



✶✵ ❘❡s✉❧ts

■♥ ♦r❞❡r t♦ s❤♦✇ t❤❡ ❡✛❡❝t ♦❢ ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ ✐❞❡♥t✐✜❝❛t✐♦♥ ❢r♦♠ ❞✐✛❡r❡♥t
✈✐❡✇ ❞✐r❡❝t✐♦♥s✱ ❛♥❞ ✉s✐♥❣ ✈✐❡✇♣♦✐♥t ❛✇❛r❡ ❇❙P ❛♣♣r♦❛❝❤✱ ✇❡ ❛r❡ ✉s✐♥❣ ❛ s✐♠✲
✉❧❛t✐♦♥ ❛♥❞ ❝♦♠♣❛r❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❛♣♣❧②✐♥❣ t❤❡ ♥❡✇ ❛❞❞✐t✐♦♥ ✭❛s ❞❡t❛✐❧❡❞ ✐♥
s❡❝t✐♦♥s ✽ ❛♥❞ ✾✮✱ t♦ ❛ s✐♠✉❧❛t✐♦♥ ✇❤✐❝❤ ✉s❡s t❤❡ ❡①✐st✐♥❣ ❇❙P ❛♣♣r♦❛❝❤✳

❚❤❡ s✐♠✉❧❛t✐♦♥✱ ✇❤✐❝❤ ♠♦❞❡❧s ❜♦t❤ ❙▲❆▼ ❛♥❞ ♣❧❛♥♥✐♥❣ ♣❛rts✱ ❝♦♥s✐❞❡rs ❛
r♦❜♦t✱ ❢♦r ❡①❛♠♣❧❡ ❛♥ ✉♥♠❛♥♥❡❞ ❛❡r✐❛❧ ✈❡❤✐❝❧❡ ✭❯❆❱✮✱ t❤❛t ❤❛s ❛ ❝❛♠❡r❛ ❛♥❞
❛ r❛♥❣❡ s❡♥s♦r✳ ❚❤❡ r♦❜♦t ♦♣❡r❛t❡s ✐♥ ❛♥ ✉♥❦♥♦✇♥ ✸❉ ❛r❡❛ ❛♥❞ ❤❛s t♦ r❡❛❝❤ ❛
s♣❡❝✐✜❝ ❣♦❛❧✳ ❚❤❡ r♦❜♦t ✉s❡s ✐ts s❡♥s♦rs t♦ ♦❜s❡r✈❡ ❧❛♥❞♠❛r❦s ✐♥ t❤❡ ❡♥✈✐r♦♥✲
♠❡♥t ❛♥❞ t♦ ❡st✐♠❛t❡ ✐ts ♦✇♥ ♣♦s✐t✐♦♥✳ ❲❡ ❝✉rr❡♥t❧② ✉s❡ ✐♠❛❣❡r② ❛♥❞ r❛♥❣❡
♠❡❛s✉r❡♠❡♥ts ✭t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ❝♦rr✉♣t❡❞ ✇✐t❤ ●❛✉ss✐❛♥ ♥♦✐s❡✱ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ ♠❡❛s✉r❡♠❡♥t ♥♦✐s❡ ❝♦✈❛r✐❛♥❝❡ Σv ❢r♦♠ ❡q✉❛t✐♦♥ ✭✼✮✮✳ ◆♦t❡ t❤❛t ✇❡ ❞♦
♥♦t s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❛t❛ ❛ss♦❝✐❛t✐♦♥ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❛ss✉♠❡ ✐t ✐s
❣✐✈❡♥✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ ✉s❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ s♣❛❝❡✱ ❛ s❡t ♦❢ ❝♦♥tr♦❧s
❛r❡ ♣❧❛♥♥❡❞ ♦✤✐♥❡ ✐♥ ♦r❞❡r t♦ ❡①❛♠✐♥❡ ❛ ❣✐✈❡♥ tr❛❥❡❝t♦r② ❛♥❞ ✐♥✈❡st✐❣❛t❡ t❤❡
❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❛❧♦♥❣ t❤❡ tr❛❥❡❝t♦r②✳

❲❡ ❡①❛♠✐♥❡ t✇♦ ♣r❡❞❡✜♥❡❞ tr❛❥❡❝t♦r✐❡s ✐♥ ♦r❞❡r t♦ ✈❛❧✐❞❛t❡ t❤❡ ❛ss✉♠♣t✐♦♥
✐♥ t❤✐s ✇♦r❦✿ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❧❛♥❞♠❛r❦ ✈✐❡✇ ❞✐r❡❝t✐♦♥s✱ ✇✐❧❧ ❤❛✈❡ ❛ ❣r❡❛t
✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ Jk(uk:k+L−1)✱ ❛♥❞ t❤❡r❡❢♦r❡ ♦♥ tr❛❥❡❝t♦r②
s❡❧❡❝t✐♦♥✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ t❤❛t ✇❡r❡ ❞❡✜♥❡❞ ❢♦r tr❛❥❡❝t♦r② ❡①❛♠✐♥❛t✐♦♥

✐s Jk =
√

trace(Λ−1
k+L)✱ ✐✳❡✳ sq✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡ ✐♥ t❤❡ ❡♥❞ ♦❢ t❤❡

tr❛❥❡❝t♦r②✳

✶✵✳✶ ❙❝❡♥❛r✐♦

❲❡ ❝❤❡❝❦ t✇♦ ♣r❡❞❡✜♥❡❞ tr❛❥❡❝t♦r✐❡s t❤❛t ❞✐✛❡r ✐♥ t❤❡ ❧❛♥❞♠❛r❦s ✈✐❡✇ ❞✐r❡❝t✐♦♥s
❛♥❞ t❤❡✐r ❧❡♥❣t❤s✱ ❜✉t r❡❛❝❤✐♥❣ t❤❡ s❛♠❡ t❛r❣❡t✳ ❚❤❡ tr❛❥❡❝t♦r✐❡s ❛r❡ s❤♦✇♥ ✐♥
✜❣✉r❡ ✽✳

P❧❛♥♥✐♥❣ ♦❝❝✉rs ❛t t✐♠❡ k✳ ❇② t❤❛t t✐♠❡✱ t❤❡ r♦❜♦t ♣❡r❢♦r♠s ❙▲❆▼ ❢♦r
❡st✐♠❛t✐♥❣ r♦❜♦t ♣♦s❡ ❛♥❞ ♠❛♣♣✐♥❣ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ ❜② ♦❜s❡r✈✐♥❣ ❧❛♥❞♠❛r❦s ✐♥
✐ts ✜❡❧❞ ♦❢ ✈✐❡✇ ❛♥❞ ♠❛♣♣✐♥❣ t❤❡♠✳ ■♥ ❡❛❝❤ ❧❛♥❞♠❛r❦ ♦❜s❡r✈❛t✐♦♥✱ ✐t ❞❡t❡r♠✐♥❡s
✇❤❡t❤❡r t❤❡ ❧❛♥❞♠❛r❦ ✐s r❡❝♦❣♥✐③❡❞✱ ✉s✐♥❣ ❝✉rr❡♥t ❛♥❞ ♣r❡s❡r✈❡❞ ▲❖❙✬s ✭❛s
❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥s ✽ ❛♥❞ ✾✮✳

◆♦✇ ✭❛t ♣❧❛♥♥✐♥❣ t✐♠❡ k✮ ✐t ❤❛s t✇♦ ❝❛♥❞✐❞❛t❡ tr❛❥❡❝t♦r✐❡s t♦ ❝❤♦♦s❡ ❢r♦♠✳
■♥ ❡❛❝❤ ♣❧❛♥✐♥❣ st❡♣✱ t❤❡ r♦❜♦t ❞❡t❡r♠✐♥❡s ❛❜♦✉t t❤❡ ❡①♣❡❝t❡❞ ❧❛♥❞♠❛r❦s ♦❜s❡r✲
✈❛t✐♦♥s✱ ✇❤❡t❤❡r t❤❡ ❧❛♥❞♠❛r❦s ❛r❡ r❡❝♦❣♥✐③❡❞✳ ❚❤❡ ❞❡❝✐s✐♦♥ ❛❜♦✉t ❧❛♥❞♠❛r❦
r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ✭✇❤❡♥ ❛♣♣❧②✐♥❣ ✈✐❡✇♣♦✐♥t ❛✇❛r❡ ❇❙P✮✱ ✐s ❞♦♥❡ ✉s✐♥❣ ❡①❛♠✐♥❡❞
▲❖❙✱ ♣r❡s❡r✈❡❞ ▲❖❙✬s ❢r♦♠ ❙▲❆▼ ♣❛rt ❛♥❞ ❡①♣❡❝t❡❞ ▲❖❙✬s ♦❢ ♣❧❛♥♥✐♥❣ ♣❛rt
✉♥t✐❧ ❡①❛♠✐♥❛t✐♦♥ ♣♦✐♥t ✭❛s ❡①♣❧❛✐♥❡❞ ✐♥ ✜❣✉r❡ ✹✱ s❡❝t✐♦♥ ✽✳✶✮✳

❚❤❡ tr❛❥❡❝t♦r✐❡s ❞✐✛❡r ✐♥ t❤❡✐r ♣❛t❤ ❧❡♥❣t❤✱ ❛♥❞ ✈✐❡✇ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❧❛♥❞✲
♠❛r❦s✿

❚r❛❥❡❝t♦r② ✶ ❤❛s s❤♦rt❡r ♣❛t❤✱ ❜✉t t❤❡ ❧❛♥❞♠❛r❦s ✈✐❡✇ ❞✐r❡❝t✐♦♥s ✐♥ ♣❧❛♥♥✐♥❣
♣❛rt✱ ❛r❡ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t t❤❛♥ ✐♥ ❙▲❆▼ ♣❛rt✳

✷✺



❚r❛❥❡❝t♦r② ✷ ❤❛s ❧♦♥❣❡r ♣❛t❤✱ ❜✉t t❤❡ ❧❛♥❞♠❛r❦s ✈✐❡✇ ❞✐r❡❝t✐♦♥s ✐♥ ♣❧❛♥♥✐♥❣
♣❛rt✱ ❛r❡ s✐♠✐❧❛r t♦ ❧❛♥❞♠❛r❦s ✈✐❡✇ ❞✐r❡❝t✐♦♥s ✐♥ ❙▲❆▼ ♣❛rt✳

❲❡ ❡①♣❡❝t t❤❡ ✈❡rs✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥ ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ ❡①✐st✐♥❣ ❇❙P ❛♣✲
♣r♦❛❝❤ ✇✐t❤ ✐❞❡❛❧ ❧❛♥❞♠❛r❦ ✐❞❡♥t✐✜❝❛t✐♦♥✱ t♦ ♣r❡❢❡r ❚r❛❥❡❝t♦r② ✶ ✇❤✐❝❤ ✐s s❤♦rt❡r✳
❲❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ ♥❡✇ ✈✐❡✇♣♦✐♥t ❛✇❛r❡ ❇❙P ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤ t❛❦❡s ✐♥t♦ ❛❝✲
❝♦✉♥t ❧❛♥❞♠❛r❦✬s ✈✐❡✇ ❞✐r❡❝t✐♦♥ ✐♥ ♦r❞❡r t♦ r❡❝♦❣♥✐③❡ t❤❡ ❧❛♥❞♠❛r❦✱ ✇❡ ❡①♣❡❝t
t♦ ♣r❡❢❡r ❚r❛❥❡❝t♦r② ✷✱ t❤♦✉❣❤ ✐t ✐s ❧♦♥❣❡r✱ s✐♠✐❧❛r❧② t♦ ✇❤❛t ✇❡ ❡①♣❡❝t ✐♥ r❡❛❧✐t②✳

■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ ❜❡t✇❡❡♥ t❤❡ tr❛❥❡❝t♦r✐❡s✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ♣♦s✐t✐♦♥ ❝♦✲
✈❛r✐❛♥❝❡ ❛❧♦♥❣ t❤❡ tr❛❥❡❝t♦r✐❡s✳

❲❡ ✇✐❧❧ ✜rst ❡①❛♠✐♥❡ ❛♥ ❡♥✈✐r♦♥♠❡♥t ✇❤✐❝❤ ✐♥❝❧✉❞❡s ♦♥❧② ♦♥❡ ❧❛♥❞♠❛r❦✱ ❛♥❞
t❤❡♥ ♣r♦❝❡❡❞ t♦ ❡①❛♠✐♥❡ t❤❡ r❡s✉❧ts ✐♥ ❛♥ ❡♥✈✐r♦♥♠❡♥t ✇❤✐❝❤ ✐♥❝❧✉❞❡s ♠✉❧t✐♣❧❡
❧❛♥❞♠❛r❦s✳

❋✐❣✉r❡ ✽✿ ❚r❛❥❡❝t♦r✐❡s ❞❡✜♥✐t✐♦♥✳

✷✻



■♥ t❤❡ ✜❣✉r❡s ❜❡❧♦✇ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ tr❛❥❡❝t♦r✐❡s t❤❛t ✇❡r❡ ❡①❛♠✐♥❡❞✳
❲❡ s❤❛❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✛❡r❡♥t ♠❛r❦s ✐♥ t❤❡ ✜❣✉r❡s ❛♥❞ t❤❡✐r r❡♣r❡s❡♥✲

t❛t✐♦♥✿
❇❧✉❡ ❧✐♥❡ ✲ tr✉❡ tr❛❥❡❝t♦r② ♦❢ t❤❡ r♦❜♦t
▼❛❣❡♥t❛ ❧✐♥❡ ✲ ❡st✐♠❛t❡❞ tr❛❥❡❝t♦r② ♦❢ t❤❡ r♦❜♦t✱ ❢♦r ❚r❛❥❡❝t♦r② ✶
▼❛❣❡♥t❛ ❡❧❧✐♣s❡ ✲ ♣♦s✐t✐♦♥ ❝♦✈❛r✐❛♥❝❡ ✐♥ ❚r❛❥❡❝t♦r② ✶
❈②❛♥ ❧✐♥❡ ✲ ❡st✐♠❛t❡❞ tr❛❥❡❝t♦r② ♦❢ t❤❡ r♦❜♦t✱ ❢♦r ❚r❛❥❡❝t♦r② ✷
❈②❛♥ ❡❧❧✐♣s❡ ✲ ♣♦s✐t✐♦♥ ❝♦✈❛r✐❛♥❝❡ ✐♥ ❚r❛❥❡❝t♦r② ✷
●r❡❡♥ tr✐❛♥❣❧❡s ✲ ♣♦✐♥ts ✐♥ t❤❡ tr❛❥❡❝t♦r② ✐♥ ✇❤✐❝❤ t❤❡ ❧❛♥❞♠❛r❦ ✐s ✐❞❡♥t✐✜❡❞

✶✵✳✷ ❘❡s✉❧ts ❡①❛♠✐♥❛t✐♦♥ ✲ ♦♥❡ ❧❛♥❞♠❛r❦

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❡①❛♠✐♥❡ t❤❡ r❡s✉❧ts ✐♥ ❛♥ ❡♥✈✐r♦♥♠❡♥t ✇❤✐❝❤ ✐♥❝❧✉❞❡s
♦♥❡ ❧❛♥❞♠❛r❦✳

■♥ ♦r❞❡r t♦ ♠❛❦❡ ❛ ❝♦♠♣❛r✐s♦♥✱ ✇❡ ❡①❛♠✐♥❡ t❤r❡❡ ❝❛s❡s✿ ❙▲❆▼ ✱ ❙▲❆▼ ✰
P❧❛♥♥✐♥❣ ✇❤❡♥ ❛ss✉♠✐♥❣ ✐❞❡❛❧ ❧❛♥❞♠❛r❦ ✐❞❡♥t✐✜❝❛t✐♦♥✱ ❙▲❆▼ ✰ P❧❛♥♥✐♥❣ ✇❤❡♥
♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ ✐❞❡♥t✐✜❝❛t✐♦♥✳

✶✵✳✷✳✶ ❙▲❆▼

❚❤✐s ❝❛s❡ r❡♣r❡s❡♥ts t❤❡ r❡s✉❧ts ✇❡ ❡①♣❡❝t t♦ ❤❛✈❡ ✐♥ ♣r❛❝t✐❝❡ ❢r♦♠ ❛ ❙▲❆▼ s②s✲
t❡♠✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ tr❛❥❡❝t♦r② ♦❢ t❤❡ r♦❜♦t ✐s ❝❛❧❝✉❧❛t❡❞ ✐♥ ❙▲❆▼ ♠♦❞❡ ❛❧♦♥❣
t❤❡ tr❛❥❡❝t♦r② ✭t❤❡ r♦❜♦t ❞♦❡s ♥♦t ♣❡r❢♦r♠ ♣❧❛♥♥✐♥❣✮✳ ▼❡❛♥✐♥❣✱ ❛t ❡❛❝❤ st❡♣
k✱ t❤❡ r♦❜♦t ♣❡r❢♦r♠s ❙▲❆▼ ✐♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ ✐t✬s st❛t❡ X∗

k ❛♥❞ ❝♦✈❛r✐❛♥❝❡
Λ−1
k ✱ ❛s s❤♦✇♥ ✐♥ s❡❝t✐♦♥ ✼✳✶✱ ❡q✉❛t✐♦♥ ✭✾✮✳
❋✐❣✉r❡ ✾ s❤♦✇s t❤❡ ❡st✐♠❛t❡❞ tr❛❥❡❝t♦r✐❡sX∗

k ✐♥ ✷❉ ♣❧❛♥❡ ✭✇❤✐❝❤ ✐s ❝❛❧❝✉❧❛t❡❞
❛❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✭✶✶✮✮✱ ✇✐t❤ t❤❡ ❡❧❧✐♣s❡s ✐♥❞✐❝❛t✐♥❣ t❤❡ ❝♦✈❛r✐❛♥❝❡ Λ−1

k

✭❢r♦♠ ❡q✉❛t✐♦♥ ✭✾✮✮✳ ❋✐❣✉r❡ ✶✵ ❞❡♣✐❝ts t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ Λ−1
k

tr❛❝❡✱ ❢♦r t❤❡ t✇♦ tr❛❥❡❝t♦r✐❡s✳
❆s s❡❡♥✱ ✐♥ ❚r❛❥❡❝t♦r② ✶✱ ✐♥ ✇❤✐❝❤ t❤❡ ♣❛t❤ ✐s ❣♦✐♥❣ t❤r♦✉❣❤ ♥❡✇ ✈✐❡✇ ❞✐r❡❝✲

t✐♦♥s ♦❢ t❤❡ ❧❛♥❞♠❛r❦✱ t❤❡ ❧❛♥❞♠❛r❦ ✐s ♥♦t ✐❞❡♥t✐✜❡❞✱ ❛s ❡①♣❡❝t❡❞ t♦ ❤❛♣♣❡♥ ✐♥
r❡❛❧ ✇♦r❧❞ ✭s❡❝t✐♦♥s ✺✳✶✱ ✽✳✶✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❦❡❡♣s ❣r♦✇✐♥❣ ✉♥t✐❧ t❤❡
❡♥❞ ♣♦✐♥t ❛♥❞ ✐s ♥♦t r❡❞✉❝❡❞✳

■♥ ❝♦♥tr❛st✱ ✐♥ ❚r❛❥❡❝t♦r② ✷✱ t❤❡ ♣❛t❤ ✐s ❣♦✐♥❣ t❤r♦✉❣❤ s✐♠✐❧❛r ❧❛♥❞♠❛r❦✬s
✈✐❡✇ ❞✐r❡❝t✐♦♥s✱ t♦ t❤❡ ✈✐❡✇ ❞✐r❡❝t✐♦♥s t❤❛t t❤❡ ❧❛♥❞♠❛r❦ ✇❛s ♦❜s❡r✈❡❞ ✐♥ t❤❡
❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ tr❛❥❡❝t♦r②✳ ❚❤❡r❡❢♦r❡ t❤❡ ❧❛♥❞♠❛r❦ ✐s ✐❞❡♥t✐✜❡❞ ✭❛s ❝❛♥ ❜❡ s❡❡♥
❜② t❤❡ ❣r❡❡♥ tr✐❛♥❣❧❡s ✐♥ ✜❣✉r❡ ✾✮ ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❞r♦♣s ❛t t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥
♣♦✐♥t✳

❚❤✐s ✐s ❝♦♠♣❛t✐❜❧❡ t♦ ✇❤❛t ✇❛s ❡①♣❧❛✐♥❡❞ ✐♥ ✜❣✉r❡ ✸✱ s❡❝t✐♦♥ ✽✳✶✳

✷✼



❋✐❣✉r❡ ✾✿ ❖♥❡ ❧❛♥❞♠❛r❦✱ ❙▲❆▼✳

✷✽



❋✐❣✉r❡ ✶✵✿ ❖♥❡ ❧❛♥❞♠❛r❦✱ ❙▲❆▼✱ sq✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡✳

✶✵✳✷✳✷ ❙▲❆▼ ✰ P❧❛♥♥✐♥❣✱ ❆ss✉♠✐♥❣ ✐❞❡❛❧ ❧❛♥❞♠❛r❦ ✐❞❡♥t✐✜❝❛t✐♦♥

■♥ t❤✐s ❝❛s❡✱ t❤❡ r♦❜♦t ♣❡r❢♦r♠s ❙▲❆▼ ✉♥t✐❧ ♣❧❛♥♥✐♥❣ st❛rt ♣♦✐♥t✳ ❋r♦♠ ♣❧❛♥♥✐♥❣
st❛rt ♣♦✐♥t✱ t❤❡ r♦❜♦t ♣❡r❢♦r♠s ♣❧❛♥♥✐♥❣✱ ✐✳❡✳ ✐t ♥❡❡❞s t♦ ❝❤♦♦s❡ ❛ tr❛❥❡❝t♦r②
❢r♦♠ ❛♠♦♥❣st ♣r❡❞❡✜♥❡❞ tr❛❥❡❝t♦r✐❡s✱ ✇❤✐❝❤ ✇❡ ❛ss✉♠❡ t❤❛t ❛r❡ ❣✐✈❡♥✳ ❚❤❡
tr❛❥❡❝t♦r✐❡s ❝❛♥ ❜❡ ❛❧s♦ ❝❛❧❝✉❧❛t❡❞ ♦♥❧✐♥❡✳

■♥ t❤✐s ♣❛rt✱ ✇❡ ❞♦ ♥♦t ❛♣♣❧② ♦✉r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
❧❛♥❞♠❛r❦✬s ✈✐❡✇ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ ♣❧❛♥♥✐♥❣ ♣❛rt✳ ▲❛♥❞♠❛r❦ ✐❞❡♥t✐✜❝❛t✐♦♥ ✐s
❞❡✜♥❡❞ ♦♥❧② ❜② ❞✐st❛♥❝❡ t♦ t❤❡ ❧❛♥❞♠❛r❦✱ ✇❤❡♥ ✐t ✐s ✐♥ t❤❡ ✜❡❧❞ ♦❢ ✈✐❡✇ ♦❢ t❤❡
❝❛♠❡r❛✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤✐s ♣❛rt r❡♣r❡s❡♥ts t❤❡ ❡①✐st✐♥❣ ❇❙P ❛♣♣r♦❛❝❤ ✇❤✐❝❤
❛ss✉♠❡s ✐❞❡❛❧ ❧❛♥❞♠❛r❦ ✐❞❡♥t✐✜❝❛t✐♦♥✳

❋✐❣✉r❡ ✶✶ ❞❡s❝r✐❜❡s t❤❡ ❡st✐♠❛t❡❞ tr❛❥❡❝t♦r✐❡s ✐♥ ✷❉ ♣❧❛♥❡✱ t❤❡ ❡❧❧✐♣s❡s ✐♥❞✐✲
❝❛t❡s t❤❡ ♣♦s✐t✐♦♥ ❝♦✈❛r✐❛♥❝❡✳ ■♥ t❤❡ ❙▲❆▼ ♣❛rt ♦❢ t❤❡ tr❛❥❡❝t♦r②✱ t❤❡ ❡st✐♠❛t❡❞
tr❛❥❡❝t♦r② ✐s ❛ ♣❧♦t ♦❢ X∗

k ✇❤✐❝❤ ✐s ❝❛❧❝✉❧❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✭✶✶✮ ❛♥❞
t❤❡ ❝♦✈❛r✐❛♥❝❡ ✐s Λ−1

k ❢r♦♠ ❡q✉❛t✐♦♥ ✭✾✮✳ ■♥ t❤❡ ♣❧❛♥♥✐♥❣ ♣❛rt t❤❡ ❡st✐♠❛t❡❞
tr❛❥❡❝t♦r② ✐s ❛ ♣❧♦t ♦❢ X∗

k+l ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ✐s Λ−1
k+l ✇❤✐❝❤ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥

❡q✉❛t✐♦♥ ✭✶✼✮✳ ❋✐❣✉r❡ ✶✷ ❞❡s❝r✐❜❡s t❤❡ sq✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡ ❢♦r t❤❡
t✇♦ tr❛❥❡❝t♦r✐❡s✱ ✇❤❡r❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ✐s Λ−1

k ✐♥ ❙▲❆▼ ❛♥❞ Λ−1
k+l ✐♥ ♣❧❛♥♥✐♥❣✳

■t ✐s s❤♦✇♥ t❤❛t ❜♦t❤ ✐♥ ❚r❛❥❡❝t♦r② ✶ ❛♥❞ ❚r❛❥❡❝t♦r② ✷✱ t❤❡ ❧❛♥❞♠❛r❦ ✐s
✐❞❡♥t✐✜❡❞ ✐♥ ❛ ❝❡rt❛✐♥ ♣♦✐♥t ♦❢ t❤❡ ♣❛t❤ ❛♥❞ t❤✉s t❤❡ ❝♦✈❛r✐❛♥❝❡ ❞❡❝r❡❛s❡s✳ ❚❤✐s

✷✾



✐s ✐♥ ❝♦♥tr❛r② t♦ ✇❤❛t ❤❛♣♣❡♥s ✐♥ ❙▲❆▼ ❛♥❞ r❡❛❧ ✇♦r❧❞ ✭s❡❝t✐♦♥ ✶✵✳✷✳✶ ✜❣✉r❡s ✾
❛♥❞ ✶✵✮✱ ✐♥ ✇❤✐❝❤ t❤❡ ❧❛♥❞♠❛r❦ ✐s ♥♦t ✐❞❡♥t✐✜❡❞ ✇❤❡♥ t❤❡ ♣❛t❤ ♦❢ t❤❡ tr❛❥❡❝t♦r②
❣♦❡s t❤r❡✇ ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ✈✐❡✇ ❞✐r❡❝t✐♦♥s✱ ❛s ✐♥ tr❛❥❡❝t♦r② ✶✳

❚❤❡ ✐♥❝♦rr❡❝t ❧❛♥❞♠❛r❦ ✐❞❡♥t✐✜❝❛t✐♦♥ ❧❡❛❞s t♦ ✐♥❝♦rr❡❝t ❞r♦♣ ♦❢ t❤❡ ❝♦✈❛r✐✲
❛♥❝❡✱ ✇❤✐❝❤ ✐s ✐♥❝♦♥s✐st❡♥t ✇✐t❤ r❡❛❧✐t②✱ ❛♥❞ ✜♥❛❧❧② t♦ ❛♥ ✐♥❝♦rr❡❝t ❞❡❝✐s✐♦♥ ❛❜♦✉t
t❤❡ tr❛❥❡❝t♦r② s❡❧❡❝t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✐t ✐s ✐♥❝♦rr❡❝t❧② ❞❡❞✉❝❡❞ t❤❛t ❚r❛❥❡❝t♦r② ✶✱
✇❤✐❝❤ ❤❛s ❛ s❤♦rt❡r ♣❛t❤ ❛♥❞ ❛ss✉♠❡❞ t♦ ❤❛s ❧♦✇❡r ❝♦✈❛r✐❛♥❝❡✱ ✐s ♣r❡❢❡rr❡❞✳

❋✐❣✉r❡ ✶✶✿ ❖♥❡ ❧❛♥❞♠❛r❦✱ ❙❧❛♠✰P❧❛♥♥✐♥❣ ✱ ❲✐t❤♦✉t ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲
✐❞❡♥t✐✜❝❛t✐♦♥✳ ✳

✸✵



❋✐❣✉r❡ ✶✷✿ ❖♥❡ ❧❛♥❞♠❛r❦✱ ❙❧❛♠✰P❧❛♥♥✐♥❣✱ sq✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡✱
❲✐t❤♦✉t ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳

✶✵✳✷✳✸ ❙▲❆▼ ✰ P❧❛♥♥✐♥❣✱ ▼♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ ✐❞❡♥t✐✜❝❛t✐♦♥

■♥ t❤✐s ❝❛s❡✱ t❤❡ r♦❜♦t ♣❡r❢♦r♠s ❙▲❆▼ ✉♥t✐❧ ♣❧❛♥♥✐♥❣ st❛rt ♣♦✐♥t ✐♥ ✇❤✐❝❤
t❤❡ tr❛❥❡❝t♦r✐❡s ❛r❡ s❡♣❛r❛t❡❞✱ ❢r♦♠ ♣❧❛♥♥✐♥❣ st❛rt ♣♦✐♥t✱ t❤❡ r♦❜♦t ♣❡r❢♦r♠s
♣❧❛♥♥✐♥❣✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡❞❡✜♥❡❞ tr❛❥❡❝t♦r②✳

■♥ t❤✐s ♣❛rt✱ ✇❡ ❛♣♣❧② ♦✉r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❧❛♥❞♠❛r❦✬s
✈✐❡✇ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ ♣❧❛♥♥✐♥❣ ♣❛rt ✭✈✐❡✇♣♦✐♥t ❛✇❛r❡ ❇❙P ❛♣♣r♦❛❝❤✮✳ ❚❤❡
❧❛♥❞♠❛r❦ ✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❜② ❞✐st❛♥❝❡ t♦ t❤❡ ❧❛♥❞♠❛r❦✱ ❛♥❞ ✐♥ ❛❞❞✐t✐♦♥✱
t❤❡ ❧❛♥❞♠❛r❦ ✇✐❧❧ ❜❡ ✐❞❡♥t✐✜❡❞ ✐♥ ❛ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ❧❛♥❞♠❛r❦ ✐s ❜❡✐♥❣ ✈✐❡✇❡❞
❢r♦♠ ❛ s✐♠✐❧❛r ✈✐❡✇ ❞✐r❡❝t✐♦♥ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥s ✽✳✶ ❛♥❞ ✾✳

❋✐❣✉r❡ ✶✸ ❞❡s❝r✐❜❡s t❤❡ tr❛❥❡❝t♦r② ✐♥ ✷❉ ♣❧❛♥❡❀ t❤❡ ❡❧❧✐♣s❡s ✐♥❞✐❝❛t❡s t❤❡
♣♦s✐t✐♦♥ ❝♦✈❛r✐❛♥❝❡✳ ❋✐❣✉r❡ ✶✹ ❞❡s❝r✐❜❡s t❤❡ sq✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡ ❢♦r
t❤❡ t✇♦ tr❛❥❡❝t♦r✐❡s✳

■♥ t❤❡ ❙▲❆▼ ♣❛rt t❤❡ ❡st✐♠❛t❡❞ tr❛❥❡❝t♦r② ✐s ❛ ♣❧♦t ♦❢X∗

k ✇❤✐❝❤ ✐s ❝❛❧❝✉❧❛t❡❞
❛❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✭✶✶✮ ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ✐s Λ−1

k ❢r♦♠ ❡q✉❛t✐♦♥ ✭✾✮✳ ■♥ t❤❡
♣❧❛♥♥✐♥❣ ♣❛rt t❤❡ ❡st✐♠❛t❡❞ tr❛❥❡❝t♦r② ✐s ❛ ♣❧♦t ♦❢ X∗

k+l ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ✐s

✸✶



Λ−1
k+l ✇❤✐❝❤ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✶✼✮✳
■t ✐s s❤♦✇♥ t❤❛t ✐♥ ❚r❛❥❡❝t♦r② ✶✱ ✐♥ ✇❤✐❝❤ t❤❡ ♣❛t❤ ❣♦❡s t❤r♦✉❣❤ ❛ ❝♦♠♣❧❡t❡❧②

❞✐✛❡r❡♥t ♣❛t❤ t❤❛♥ ✐♥ t❤❡ ❙▲❆▼ ♣❛rt✱ t❤❡ ❧❛♥❞♠❛r❦ ✐s ♥♦t r❡❝♦❣♥✐③❡❞ ❛♥❞ t❤❡
❝♦✈❛r✐❛♥❝❡ ❝♦♥t✐♥✉❡s t♦ ❡✈♦❧✈❡✳ ■♥ ❚r❛❥❡❝t♦r② ✷ ✇❤✐❝❤ ❣♦❡s t❤r♦✉❣❤ ❛ ♣❛t❤ ✐♥
✇❤✐❝❤ t❤❡ ❧❛♥❞♠❛r❦✬s ✈✐❡✇ ❞✐r❡❝t✐♦♥s ❛r❡ s✐♠✐❧❛r t♦ t❤❡ ✈✐❡✇ ❞✐r❡❝t✐♦♥s t❤❛t t❤❡
❧❛♥❞♠❛r❦ ✇❛s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❙▲❆▼ ♣❛rt✱ t❤❡ ❧❛♥❞♠❛r❦ ✐s ❜❡✐♥❣ r❡❝♦❣♥✐③❡❞
❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❞r♦♣s t♦ ❛ ❧♦✇❡r ❧❡✈❡❧✱ ✉♥t✐❧ t❤❡ ♣♦✐♥t ✇❤❡r❡ t❤❡ ❧❛♥❞♠❛r❦
❝❛♥ ♥♦t ❜❡ r❡❝♦❣♥✐③❡❞ ❛♥②♠♦r❡ ✲ ❢r♦♠ t❤❛t ♣♦✐♥t✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❡✈♦❧✈❡s ❛❣❛✐♥✳

❲❤❡♥ ✉s✐♥❣ ♦✉r ✈✐❡✇♣♦✐♥t ❛✇❛r❡ ❇❙P ❛♣♣r♦❛❝❤✱ t❤❡ r❡s✉❧ts ✜t t❤❡ r❡s✉❧ts
♦❢ t❤❡ ❙▲❆▼ ♣❛rt ✭s❡❝t✐♦♥ ✶✵✳✷✳✶✱ ✜❣✉r❡s ✾ ❛♥❞ ✶✵✮✱ ❛♥❞ t❤❡r❡❢♦r❡ ♠♦❞❡❧ ❜❡tt❡r
t❤❡ r❡❛❧✐t②✳ ❚❤✐s ✐s ❛❧s♦ ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ ❡①♣❧❛♥❛t✐♦♥ ❣✐✈❡♥ ✉s✐♥❣ ✜❣✉r❡ ✸ ❢r♦♠
s❡❝t✐♦♥ ✽✳✶✱ ❛♥❞ ✜❣✉r❡ ✶ ❢r♦♠ s❡❝t✐♦♥ ✺✳✶✳

❍❡r❡✱ t❤❡ tr❛❥❡❝t♦r② t❤❛t ✐s ✐❞❡♥t✐✜❡❞ ❛s ❛ ❜❡tt❡r tr❛❥❡❝t♦r② ✐s ❚r❛❥❡❝t♦r② ✷
✭❛s ✐♥ ❙▲❆▼ ♣❛rt✱ s❡❝t✐♦♥ ✶✵✳✷✳✶✮✱ ✇❤✐❝❤ ❤❛s ❧♦✇❡r ❝♦✈❛r✐❛♥❝❡ ❜✉t ❛ ❧♦♥❣❡r ♣❛t❤
❝♦♠♣❛r❡❞ t♦ ❚r❛❥❡❝t♦r② ✶✳ ❚❤✐s ✐s ✐♥ ❝♦♥tr❛st t♦ t❤❡ r❡s✉❧ts ✇✐t❤♦✉t ❛♣♣❧②✐♥❣
✈✐❡✇ ❞✐r❡❝t✐♦♥s ✭s❡❝t✐♦♥ ✶✵✳✷✳✷✮✳

❋✐❣✉r❡ ✶✸✿ ❖♥❡ ❧❛♥❞♠❛r❦✱ ❙❧❛♠✰P❧❛♥♥✐♥❣✱ ❲✐t❤ ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲
✐❞❡♥t✐✜❝❛t✐♦♥s✳

✸✷



❋✐❣✉r❡ ✶✹✿ ❖♥❡ ❧❛♥❞♠❛r❦✱ ❙❧❛♠✰P❧❛♥♥✐♥❣✱ sq✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡✱
❲✐t❤ ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳

✶✵✳✷✳✹ ❘❡s✉❧ts ❝♦♥❝❧✉s✐♦♥s ✲ ♦♥❡ ❧❛♥❞♠❛r❦

❲❡ ❞✐✈✐❞❡❞ t❤❡ r❡s✉❧ts ✐♥t♦ t❤r❡❡ ♣❛rts✿ ❙▲❆▼ ✱ ❙▲❆▼ ✰ P❧❛♥♥✐♥❣ ✇❤❡♥ ❛ss✉♠✲
✐♥❣ ✐❞❡❛❧ ❧❛♥❞♠❛r❦ ✐❞❡♥t✐✜❝❛t✐♦♥✱ ❙▲❆▼ ✰ P❧❛♥♥✐♥❣ ✇❤❡♥ ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦
r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳ ❙q✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t ♣❛rts ❛r❡ s✉♠✲
♠❛r✐③❡❞ ✐♥ t❛❜❧❡ ✶✳

■♥ t❤❡ ❙▲❆▼ ♣❛rt✱ ✐♥ ✇❤✐❝❤ t❤❡ r♦❜♦t ❞♦❡s ♥♦t ♣❡r❢♦r♠ ♣❧❛♥♥✐♥❣✱ ❛♥❞
r❡♣r❡s❡♥ts t❤❡ r❡❛❧✐t②✱ t❤❡ ❧❛♥❞♠❛r❦ ✐s r❡✲✐❞❡♥t✐✜❡❞ ♦♥❧② ✐♥ tr❛❥❡❝t♦r② ✷ ✇❤❡r❡
t❤❡ ♣❛t❤ ❣♦❡s t❤r♦✉❣❤ ❛ s✐♠✐❧❛r ✈✐❡✇ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❧❛♥❞♠❛r❦✳ ❚r❛❥❡❝t♦r② ✷
✐s ♣r❡❢❡rr❡❞ ❜❡❝❛✉s❡ ✐t ❤❛s ❧♦✇❡r ❝♦✈❛r✐❛♥❝❡ t❤♦✉❣❤ ✐t ✐s ❧♦♥❣❡r✳

■♥ t❤❡ ❙▲❆▼✰P❧❛♥♥✐♥❣ ♣❛rt✱ ✇❤❡♥ ❛ss✉♠✐♥❣ ✐❞❡❛❧ ❧❛♥❞♠❛r❦ ✐❞❡♥✲
t✐✜❝❛t✐♦♥✱ t❤❡ ❧❛♥❞♠❛r❦ ✐s r❡✲✐❞❡♥t✐✜❡❞ ✐♥❝♦rr❡❝t❧② ✐♥ tr❛❥❡❝t♦r② ✶✱ ✇❤✐❝❤ ❣♦❡s
t❤r♦✉❣❤ ❛ ♣❛t❤ ✇✐t❤ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ✈✐❡✇ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❧❛♥❞♠❛r❦✱ ❛♥❞
❝❛✉s❡ ❛♥ ✐♥❝♦rr❡❝t ❞r♦♣ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡✳ ❚r❛❥❡❝t♦r② ✶ ✐s ✐♥❝♦rr❡❝t❧② ♣r❡❢❡rr❡❞✱
❜❡❝❛✉s❡ ✐t ❤❛s s❤♦rt❡r ♣❛t❤✱ ❛♥❞ ❛ss✉♠❡❞ t♦ ❤❛s ❧♦✇❡r ❝♦✈❛r✐❛♥❝❡✳ ❚❤❡ r❡s✉❧ts
✐♥ t❤✐s ♣❛rt ❛r❡ ♥♦t ❝♦♥s✐st❡♥t ✇✐t❤ ❙▲❆▼ ♣❛rt ❛♥❞ r❡❛❧✐t②✳

■♥ t❤❡ ❙▲❆▼✰P❧❛♥♥✐♥❣ ♣❛rt✱ ✇❤❡♥ ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✱
t❤❡ ❧❛♥❞♠❛r❦ ✐s r❡✲✐❞❡♥t✐✜❡❞ ♦♥❧② ✐♥ tr❛❥❡❝t♦r② ✷✱ ✐♥ ✇❤✐❝❤ t❤❡ ♣❛t❤ ❣♦❡s t❤r♦✉❣❤

✸✸



■❞❡❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥ ▼♦❞❡❧✐♥❣ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥

❚r❛❥❡❝t♦r② ✶ ✷✼✳✺✹ ✾✷✳✸✹
❚r❛❥❡❝t♦r② ✷ ✹✾✳✼✷ ✹✾✳✼✷

❚❛❜❧❡ ✶✿ ❙q✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡ ✲ ❙✉♠♠❛r②

❛ s✐♠✐❧❛r ✈✐❡✇ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❧❛♥❞♠❛r❦✱ s✐♠✐❧❛r❧② t♦ ❙▲❆▼ ❛♥❞ r❡❛❧✐t②✳ ❚r❛✲
❥❡❝t♦r② ✷ ✐s ♣r❡❢❡rr❡❞ ❜❡❝❛✉s❡ ✐t ❤❛s ❧♦✇❡r ❝♦✈❛r✐❛♥❝❡ t❤♦✉❣❤ ✐t ✐s ❧♦♥❣❡r✳ ❚❤❡
r❡s✉❧ts ✐♥ t❤✐s ♣❛rt ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❙▲❆▼ ♣❛rt ❛♥❞ r❡❛❧✐t②✳

❲❡ ♥♦t❡ t❤❛t t❤❡ ❝♦✈❛r✐❛♥❝❡ ✇❛s ❝❛❧❝✉❧❛t❡❞ ✐♥ ❞✐✛❡r❡♥t ✇❛②s ✐♥ ❙▲❆▼ ❛♥❞
P❧❛♥♥✐♥❣ ♣❛rt ❛❝❝♦r❞✐♥❣ t♦ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝♦♥✈❡♥✐❡♥❝❡✳ ❚❤❡r❡❢♦r❡ t❤❡ ❢♦r♠
♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡ ✐s s❧✐❣❤t❧② ❞✐✛❡r❡♥t✱ ❜✉t t❤❡ t❡♥❞❡♥❝② ✐s s✐♠✐❧❛r ❛♥❞ ✐s
s❛t✐s❢②✐♥❣ ❢♦r ♣r♦✈✐♥❣ t❤❡ ❞❡s✐r❛❜❧❡ ✐ss✉❡s✳

✶✵✳✸ ❘❡s✉❧ts ❡①❛♠✐♥❛t✐♦♥ ✲ ♠✉❧t✐♣❧❡ ❧❛♥❞♠❛r❦s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❡①❛♠✐♥❡ t❤❡ r❡s✉❧ts ✐♥ ❛♥ ❡♥✈✐r♦♥♠❡♥t ✇❤✐❝❤ ✐♥❝❧✉❞❡s
♠✉❧t✐♣❧❡ ❧❛♥❞♠❛r❦s✳

❆s ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✶✵✳✷✱ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ ❛ ❝♦♠♣❛r✐s♦♥✱ ✇❡ ❡①❛♠✐♥❡ t❤r❡❡
❝❛s❡s✿ ❙▲❆▼ ✱ ❙▲❆▼ ✰ P❧❛♥♥✐♥❣ ✇❤❡♥ ❛ss✉♠✐♥❣ ✐❞❡❛❧ ❧❛♥❞♠❛r❦ ✐❞❡♥t✐✜❝❛t✐♦♥✱
❙▲❆▼ ✰ P❧❛♥♥✐♥❣ ✇❤❡♥ ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳

❚❤❡ r❡s✉❧ts ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ r❡s✉❧ts t❤❛t ✇❡r❡ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥
✶✵✳✷ ✉s✐♥❣ ❛♥ ❡♥✈✐r♦♥♠❡♥t t❤❛t ✐♥❝❧✉❞❡s ♦♥❡ ❧❛♥❞♠❛r❦✳ ❆s ❝❛♥ ❜❡ s❡❡♥✿

■♥ ❙▲❆▼ ♣❛rt ✭✜❣✉r❡s ✶✺ ❛♥❞ ✶✻✮ ✐♥ ✇❤✐❝❤ t❤❡ r♦❜♦t ❞♦❡s ♥♦t ♣❡r❢♦r♠ ♣❧❛♥✲
♥✐♥❣ ❛♥❞ r❡♣r❡s❡♥ts t❤❡ r❡❛❧✐t②✱ t❤❡ ❧❛♥❞♠❛r❦s ❛r❡ r❡✲✐❞❡♥t✐✜❡❞ ♦♥❧② ✐♥ tr❛❥❡❝t♦r②
✷ ✐♥ ✇❤✐❝❤ t❤❡ ♣❛t❤ ❣♦❡s t❤r♦✉❣❤ ❛ s✐♠✐❧❛r ✈✐❡✇ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❧❛♥❞♠❛r❦s✳
❚r❛❥❡❝t♦r② ✷ ✐s ♣r❡❢❡rr❡❞ ❜❡❝❛✉s❡ ✐t ❤❛s ❧♦✇❡r ❝♦✈❛r✐❛♥❝❡ t❤♦✉❣❤ ✐t ✐s ❧♦♥❣❡r✳

■♥ t❤❡ ❙▲❆▼✰P❧❛♥♥✐♥❣ ♣❛rt✱ ✇❤❡♥ ❛ss✉♠✐♥❣ ✐❞❡❛❧ ❧❛♥❞♠❛r❦ ✐❞❡♥t✐✜❝❛t✐♦♥
✭✜❣✉r❡s ✶✼ ❛♥❞ ✶✽✮ t❤❡ ❧❛♥❞♠❛r❦s ❛r❡ r❡✲✐❞❡♥t✐✜❡❞ ✐♥❝♦rr❡❝t❧② ✐♥ tr❛❥❡❝t♦r② ✶✱
✇❤✐❝❤ ❣♦❡s t❤r♦✉❣❤ ❛ ♣❛t❤ ✇✐t❤ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ✈✐❡✇ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❧❛♥❞✲
♠❛r❦s✱ ❛♥❞ ❝❛✉s❡ ❛♥ ✐♥❝♦rr❡❝t ❞r♦♣ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡✳ ❚r❛❥❡❝t♦r② ✶ ✐s ✐♥❝♦rr❡❝t❧②
♣r❡❢❡rr❡❞✱ ❜❡❝❛✉s❡ ✐t ❤❛s s❤♦rt❡r ♣❛t❤✱ ❛♥❞ ❛ss✉♠❡❞ t♦ ❤❛s ❧♦✇❡r ❝♦✈❛r✐❛♥❝❡✳ ❚❤❡
r❡s✉❧ts ✐♥ t❤✐s ♣❛rt ❛r❡ ♥♦t ❝♦♥s✐st❡♥t ✇✐t❤ ❙▲❆▼ ♣❛rt ❛♥❞ r❡❛❧✐t②✳

■♥ t❤❡ ❙▲❆▼✰P❧❛♥♥✐♥❣ ♣❛rt✱ ✇❤❡♥ ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✱
t❤❡ ❧❛♥❞♠❛r❦s ❛r❡ r❡✲✐❞❡♥t✐✜❡❞ ♦♥❧② ✐♥ tr❛❥❡❝t♦r② ✷ ✐♥ ✇❤✐❝❤ t❤❡ ♣❛t❤ ❣♦❡s
t❤r♦✉❣❤ ❛ s✐♠✐❧❛r ✈✐❡✇ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❧❛♥❞♠❛r❦s✱ s✐♠✐❧❛r❧② t♦ ❙▲❆▼ ❛♥❞
r❡❛❧✐t②✳ ❚r❛❥❡❝t♦r② ✷ ✐s ♣r❡❢❡rr❡❞ ❜❡❝❛✉s❡ ✐t ❤❛s ❧♦✇❡r ❝♦✈❛r✐❛♥❝❡ t❤♦✉❣❤ ✐t ✐s
❧♦♥❣❡r✳ ❚❤❡ r❡s✉❧ts ✐♥ t❤✐s ♣❛rt ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❙▲❆▼ ♣❛rt ❛♥❞ r❡❛❧✐t②✳

✸✹



❋✐❣✉r❡ ✶✺✿ ▼✉❧t✐♣❧❡ ❧❛♥❞♠❛r❦s✱ ❙▲❆▼✳

✸✺



❋✐❣✉r❡ ✶✻✿ ▼✉❧t✐♣❧❡ ❧❛♥❞♠❛r❦s✱ ❙▲❆▼✱ sq✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡✳

✸✻



❋✐❣✉r❡ ✶✼✿ ▼✉❧t✐♣❧❡ ❧❛♥❞♠❛r❦s✱ ❙❧❛♠✰P❧❛♥♥✐♥❣✱ ❲✐t❤♦✉t ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦
r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳

✸✼



❋✐❣✉r❡ ✶✽✿ ▼✉❧t✐♣❧❡ ❧❛♥❞♠❛r❦s✱ ❙❧❛♠✰P❧❛♥♥✐♥❣✱ sq✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡✱
❲✐t❤♦✉t ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳

✸✽



❋✐❣✉r❡ ✶✾✿ ▼✉❧t✐♣❧❡ ❧❛♥❞♠❛r❦s✱ ❙❧❛♠✰P❧❛♥♥✐♥❣✱ ❲✐t❤ ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲
✐❞❡♥t✐✜❝❛t✐♦♥✳

✸✾



❋✐❣✉r❡ ✷✵✿ ▼✉❧t✐♣❧❡ ❧❛♥❞♠❛r❦s✱ ❙❧❛♠✰P❧❛♥♥✐♥❣✱ sq✉❛r❡ r♦♦t ♦❢ ❝♦✈❛r✐❛♥❝❡ tr❛❝❡✱
❲✐t❤ ♠♦❞❡❧✐♥❣ ❧❛♥❞♠❛r❦ r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✳

✹✵



✶✶ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ✇♦r❦ ✇❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛✉t♦♥♦♠♦✉s ♥❛✈✐❣❛t✐♦♥ ✐♥ ✉♥❦♥♦✇♥
♦r ✉♥❝❡rt❛✐♥ ❡♥✈✐r♦♥♠❡♥ts✳ ❲❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛✉t♦♥♦♠♦✉s❧② r❡❛❝❤✲
✐♥❣ ❛ ❣♦❛❧ ✇✐t❤ ❤✐❣❤❡st ❡st✐♠❛t✐♦♥ ❛❝❝✉r❛❝② ❛♥❞ ♣♦ss✐❜❧② ♦t❤❡r ♦❜❥❡❝t✐✈❡s✳

❲❡ ✉s❡❞ s✐♠✉❧t❛♥❡♦✉s ❧♦❝❛❧✐③❛t✐♦♥ ❛♥❞ ♠❛♣♣✐♥❣ ✭❙▲❆▼✮ ✐♥ ♦r❞❡r t♦ ✐♥❢❡r
t❤❡ st❛t❡ ♦❢ t❤❡ r♦❜♦t ❛♥❞ ♠❛♣ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ ❛♥❞ ✉s❡❞ ❜❡❧✐❡❢ s♣❛❝❡ ♣❧❛♥♥✐♥❣
❛♣♣r♦❛❝❤ ✭❇❙P✮ ✐♥ ♦r❞❡r t♦ ♣❧❛♥ ❛ s✉✐t❛❜❧❡ ❝♦♥tr♦❧ str❛t❡❣② t♦ ❛❝❝♦♠♣❧✐s❤ ❛
❣✐✈❡♥ t❛s❦✱ ✇❤✐❧❡ r❡❧②✐♥❣ ♦♥ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐❞❡❞ ❜② t❤❡ ✐♥❢❡r❡♥❝❡ ✭❡st✐♠❛t✐♦♥✮
♣r♦❝❡ss✳ ❚❤❡ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ❞②♥❛♠✐❝s ❛r❡ st♦❝❤❛st✐❝✱ t❤❡r❡❢♦r❡ t❤❡ ✐♥❢❡rr❡❞
st❛t❡ ❝❛♥♥♦t ❜❡ ❛ss✉♠❡❞ ♣❡r❢❡❝t❧② ❦♥♦✇♥✱ ❛♥❞ ♣❧❛♥♥✐♥❣ ❤❛s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
❞✐✛❡r❡♥t s♦✉r❝❡s ♦❢ ✉♥❝❡rt❛✐♥t②✳

❲❤✐❧❡ ❡①✐st✐♥❣ ❇❙P ❛♣♣r♦❛❝❤❡s ❝♦♥s✐❞❡r ♣❡r❢❡❝t ❛❜✐❧✐t② t♦ r❡✲✐❞❡♥t✐❢② ❛♥ ♦❜✲
❥❡❝t✱ ✐♥ t❤✐s ✇♦r❦ ✇❡ r❡❧❛① t❤✐s ❛ss✉♠♣t✐♦♥✱ ♠♦❞❡❧ ♦❜❥❡❝t r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞
❞❡✈❡❧♦♣ ❛ ✈✐❡✇♣♦✐♥t ❛✇❛r❡ ❇❙P ❛♣♣r♦❛❝❤✱ ✇❤✐❧❡ ❝♦♥s✐❞❡r✐♥❣ ❜♦t❤ ❙▲❆▼ ❛♥❞
♣❧❛♥♥✐♥❣ ❛s♣❡❝ts✳ ❚❤❛t ✐s ❜❡❝❛✉s❡ t❤❡ ❛ss✉♠♣t✐♦♥ ❛❜♦✉t ✐❞❡❛❧ ♦❜❥❡❝t ✐❞❡♥t✐✜✲
❝❛t✐♦♥ ✐s ❢❛r ❢r♦♠ r❡❛❧ ✇♦r❧❞✱ ❛s t❤❡ ❛❜✐❧✐t② t♦ r❡✲✐❞❡♥t✐❢② ❛ ♣r❡✈✐♦✉s❧② ♦❜s❡r✈❡❞
♦❜❥❡❝t ❝❛♥ ❜❡ ❝❤❛❧❧❡♥❣✐♥❣✱ ❛♥❞ ❞❡♣❡♥❞s ❛ ❧♦t ♦♥ t❤❡ ✈✐❡✇ ❞✐r❡❝t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡
♦❜❥❡❝t ✐s ♦❜s❡r✈❡❞✳

❲❤✐❧❡ st✉❞②✐♥❣ t❤❡ ✇♦r❦✐♥❣ ❝♦♥❝❡♣t ♦❢ ❝♦♠♣✉t❡r ✈✐s✐♦♥ ❛❧❣♦r✐t❤♠s ❛♥❞ ✐♥
♦r❞❡r t♦ ♠♦❞❡❧ ♦❜❥❡❝t r❡✲✐❞❡♥t✐✜❝❛t✐♦♥✱ ✇❡ ❞❡✜♥❡❞ t❤❡ ❝♦♥❡ ♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥✱
✐♥ ✇❤✐❝❤✱ ❝❤❛♥❣❡ ✐♥ ♦❜❥❡❝t✬s ✈✐❡✇ ❞✐r❡❝t✐♦♥✱ st✐❧❧ ♠❛❦❡s t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❛♥
♦❜❥❡❝t ♣♦ss✐❜❧❡✳ ❲❡ ❞❡✜♥❡❞ ❛ ♥❡✇ ❜✐♥❛r② r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇❤✐❝❤ ❞❡✜♥❡s ✇❤❡t❤❡r
❛ ♠❡❛s✉r❡♠❡♥t ✐s ❜❡✐♥❣ ❛❝q✉✐r❡❞ ♦r ♥♦t✱ ❛♥❞ ❞❡✈❡❧♦♣❡❞ t❤❡ ❇❙P ❡q✉❛t✐♦♥s ✇❤✐❧❡
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ♦❜❥❡❝t r❡✲✐❞❡♥t✐✜❝❛t✐♦♥ ❢r♦♠ ❞✐✛❡r❡♥t ✈✐❡✇ ❞✐r❡❝t✐♦♥s✱ ❛♥❞
t❤❡ ❢❛❝t t❤❛t t❤❡ ❡✈❡♥t ♦❢ ❛❝q✉✐r✐♥❣ ❛ ♠❡❛s✉r❡♠❡♥t ✐s ✉♥❦♥♦✇♥ ♦♥ ♣❧❛♥♥✐♥❣
t✐♠❡✳

❲❡ ❡①❛♠✐♥❡❞ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ♥❡✇ ❛❞❞✐t✐♦♥ ✉s✐♥❣ s✐♠✉❧❛t✐♦♥✱ ❝♦♥s✐❞❡r✐♥❣
t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛✉t♦♥♦♠♦✉s❧② r❡❛❝❤✐♥❣ ❛ ❣♦❛❧ ✇✐t❤ ❤✐❣❤❡st ❡st✐♠❛t✐♦♥ ❛❝❝✉r❛❝②
✐♥ ❛ ●P❙✲❞❡♣r✐✈❡❞ ✉♥❦♥♦✇♥ ❡♥✈✐r♦♥♠❡♥t✳ ❲❡ ❞❡❞✉❝❡❞ ❛s ❡①♣❡❝t❡❞✱ t❤❛t ✉s✐♥❣
t❤❡ ❡①✐st✐♥❣ ❇❙P ❛♣♣r♦❛❝❤ ✇❤✐❝❤ ❛ss✉♠✐♥❣ ✐❞❡❛❧ ♦❜❥❡❝t ✐❞❡♥t✐✜❝❛t✐♦♥✱ ♠❛② ❧❡❛❞
t♦ ✐♥❝♦♥s✐st❡♥t ✉♥❝❡rt❛✐♥t② ♣r❡❞✐❝t✐♦♥ ✇✐t❤ r❡❛❧✐t② ✭✐♥❢❡r❡♥❝❡✮✱ ✐♥❝♦rr❡❝t ♣❧❛♥♥✐♥❣
❛♥❞ t❤❡r❡❢♦r❡ ✐♥❝♦rr❡❝t ♣❛t❤ ❝❤♦♦s✐♥❣✳ ❲❤❡♥ ✇❡ ♠♦❞❡❧❡❞ ♦❜❥❡❝t r❡✲✐❞❡♥t✐✜❝❛t✐♦♥
❛♥❞ ✉s❡❞ ❛ ✈✐❡✇♣♦✐♥t ❛✇❛r❡ ❇❙P ❛♣♣r♦❛❝❤✱ t❤❡ r❡s✉❧ts ✇❡r❡ ❝♦♥s✐st❡♥t ✇✐t❤
r❡❛❧✐t②✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ❝♦rr❡❝t ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❧❛♥❞♠❛r❦s ✐s ❝r✐t✐❝❛❧✱ ❛♥❞ ✐♥❝♦rr❡❝t
✐❞❡♥t✐✜❝❛t✐♦♥ ♠❛② ❧❡❛❞ t♦ ❝❛t❛str♦♣❤✐❝ r❡s✉❧ts✳

❚❤❡ ❇❙P ❛♣♣r♦❛❝❤ t❤❛t ✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ✇♦r❦✱ ❡♥❛❜❧❡s t❤❡ ✉s❛❣❡ ♦❢
❜❡❧✐❡❢ s♣❛❝❡ ♣❧❛♥♥✐♥❣ ✇❤✐❧❡ ❝♦♥s✐❞❡r✐♥❣ r❡❛❧✐st✐❝ ♦❜❥❡❝t ✐❞❡♥t✐✜❝❛t✐♦♥✱ ✇❤❡♥ ✐t ✐s
❜❡✐♥❣ ✈✐❡✇❡❞ ❢r♦♠ ❞✐✛❡r❡♥t ✈✐❡✇ ❞✐r❡❝t✐♦♥s✱ ❛♥❞ ✇✐❧❧ ❧❡❛❞ t♦ ♠✉❝❤ ♠♦r❡ r❡❛❧✐st✐❝
♣❧❛♥♥✐♥❣ ❛♥❞ ♣❛t❤ ❝❤♦♦s✐♥❣✳

✹✶



✶✷ ❆♣♣❡♥❞✐① ✲ ❈♦♠♣❧❡t❡ ❉❡r✐✈❛t✐♦♥ ♦❢ ❙▲❆▼ ❊q✉❛✲

t✐♦♥s

▼❛t❤❡♠❛t✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❡q✉❛t✐♦♥ ✭✷✮ ✇✐❧❧ ❧❡❛❞ t♦✿

p(Xk|Z0:k, u0:k−1) = p(Xk|u0:k−1, Z0:k−1, Zk). ✭✹✶✮

❯s✐♥❣ ❇❛②❡s r✉❧❡✱ ✇❡ ❝❛♥ ✇r✐t❡ ❡q✉❛t✐♦♥ ✭✹✶✮ ❛s✿

p(Zk|Xk, u0:k−1, Z0:k−1)· p(Xk|u0:k−1, Z0:k−1)

p(Zk|u0:k−1, Z0:k−1)
. ✭✹✷✮

❆♣♣❧②✐♥❣ ▼❛r❦♦✈ ❛ss✉♠♣t✐♦♥ ✇❡ ❣❡t✿

p(Zk|X
o
k)· p(Xk|u0:k−1, Z0:k−1)

p(Zk|u0:k−1, Z0:k−1)
. ✭✹✸✮

❲❤❡r❡Xo
k ❛r❡ ✐♥✈♦❧✈❡❞ ✈❛r✐❛❜❧❡s ✭Xo

k ⊆ Xk✮ ✐♥ ✐♥❞✐✈✐❞✉❛❧ ♠❡❛s✉r❡♠❡♥t ♠♦❞✲
❡❧s t❤❛t ❝♦rr❡s♣♦♥❞ t♦ ♦❜s❡r✈❛t✐♦♥s Zk✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ t❡r♠ p(Zk|u0:k−1, Z0:k−1)
✐s ✉♥✐♥❢♦r♠❛t✐✈❡✱ t❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ✇r✐t❡ ❡q✉❛t✐♦♥ ✭✹✸✮ ❛s✿

ηk· p(Zk|X
o
k)· p(Xk|u0:k−1, Z0:k−1), ✭✹✹✮

✇❤✐❧❡ ηk ✐s ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t✳
◆♦t❡ t❤❛t t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ❣✐✈❡♥ ✉♥t✐❧ t✐♠❡ tk−1, t❤❡r❡❢♦r❡ t❤❡ ✇♦r❧❞

✐s ♠❛♣♣❡❞ ✉♥t✐❧ t✐♠❡ tk−1 :Lk ≡ Lk−1✱ ❛♥❞✱ Xk = {Xk−1, xk} . ❯s✐♥❣ t❤✐s ❢❛❝t
❛♥❞ t❤❡ ❝❤❛✐♥ r✉❧❡ ♦♥ ❡q✉❛t✐♦♥ ✭✹✹✮ ✇❡ ❣❡t✿

ηk· p(Zk|X
o
k)· p(xk|u0:k−1, Z0:k−1, Xk−1)· p(Xk−1|u0:k−1, Z0:k−1). ✭✹✺✮

❯s✐♥❣ ▼❛r❦♦✈ ❛ss✉♠♣t✐♦♥ ♦♥ ❡q✉❛t✐♦♥ ✭✹✺✮ ✇❡ ❣❡t✿

ηk· p(Zk|X
o
k)· p(xk|uk−1, xk−1)· p(Xk−1|u0:k−2, Z0:k−1). ✭✹✻✮

❚❤❡ ❞❡r✐✈❛t✐♦♥ ♣r♦❝❡❡❞s ✐♥ ❛ r❡❝✉rs✐✈❡ ♠❛♥♥❡r ❛s ❢♦❧❧♦✇s✿

= ... = η· p(xo)·

k∏

i=1

p(xi|ui−1, xi−1)· p(Zi|X
o
i ), ✭✹✼✮

✇❤✐❧❡ η ✐s ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t✱ p(x0) ✐s t❤❡ ♣r✐♦r ✐♥❢♦r♠❛t✐♦♥ ♦♥ x0✱
p(x0) ∼ N(x̂0, Σ0)✳

❚❤❡ ✜♥❛❧ r❡s✉❧t ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐✲
❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✮ ✐s✿

p(Xk|Z0:k, u0:k−1) = η· p(xo) ·

k∏

i=1


p(xi|xi−1, ui−1)

ni∏

j=1

p(zi,j |xi, lj)


 . ✭✹✽✮

✹✷



■t ✐s r❡❝❡✐✈❡❞ ✇❤❡♥ ❡①♣❛♥❞✐♥❣ t❤❡ t❡r♠ p(Zi|X
o
i ) ✐♥ ❡q✉❛t✐♦♥ ✭✹✼✮ ❢♦r ❛❧❧

♠❡❛s✉r❡♠❡♥ts ❛✈❛✐❧❛❜❧❡ ✐♥ t✐♠❡ ti✳
ni ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❡❞ ❧❛♥❞♠❛r❦s ❛t t✐♠❡ ti✳

■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ Xk ✇❡ ✉s❡ ▼❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐ ✭▼❆P✮ ❡st✐♠❛t❡✿

X∗

k =❛r❣ ♠❛①
Xk

p(Xk|Z0:k, u0:k−1). ✭✹✾✮

❋♦r ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s✱ ✐♥✈♦❧✈❡s s♦❧✈✐♥❣ ❛ ♥♦♥❧✐♥❡❛r ❧❡❛st sq✉❛r❡s ♣r♦❜✲
❧❡♠✿

X∗

k =❛r❣ ♠❛①
Xk

p(Xk|Z0:k, u0:k−1) =❛r❣ ♠✐♥
Xk

− ln (p(Xk|Z0:k, u0:k−1) . ✭✺✵✮

❲❡ ✉s❡ t❤❡ ▼❛❤❛❧❛♥♦❜✐s ♥♦r♠✱ ‖x− µ‖
2
Σ = (x− µ)

T
Σ−1 (x− µ) t♦ ✇r✐t❡

❛❣❛✐♥ ❡q✉❛t✐♦♥ ✭✺✵✮✿

X∗

k = J(Xk) =❛r❣ ♠✐♥
Xk

{
‖x0 − x̂0‖

2
Σ0

+

+
∑
i

[
‖xi − f (xi−1, ui−1)‖

2
ΣW

+
∑
j

‖zi,j − h(xi, lj)‖
2
Σ

i,j
v

]}
.

✭✺✶✮

❚❤✐s ❡q✉❛t✐♦♥ ✐s s♦❧✈❡❞ ✉s✐♥❣ ●❛✉ss✲◆❡✇t♦♥ ♦♣t✐♠✐③❛t✐♦♥✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s
t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✿

✶✳ ▲✐♥❡❛r✐③❛t✐♦♥ ❜② ✜rst ♦r❞❡r ❚❛②❧♦r ❡①♣❛♥s✐♦♥

✷✳ ❘❡♦r❣❛♥✐③❡ ❡q✉❛t✐♦♥ t♦ ❣❡t ❛ t❡r♠ ✐♥ t❤❡ ❢♦r♠ ♦❢ A ·∆Xk − b̆

✸✳ ❙♦❧✈❡ ❢♦r ∆Xk

✹✳ ❯♣❞❛t❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♣♦✐♥t X̄k ← X̄k +∆Xk

▲✐♥❡❛r✐③❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✺✶✮ ❜② ✜rst ♦r❞❡r ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❧❡❛❞s t♦✿

J(X̄k +∆Xk) ≈❛r❣ ♠✐♥
X̄k+∆Xk

{
‖∆x0‖

2
Σ0

+

+
∑

i

[∥∥x̄i − f (x̄i−1, ui−1) + 1 ·∆xi −∇xi−1
f ·∆xi−1

∥∥2
ΣW

+
∑

j

‖zi,j − h(x̄i, lj)−∇xi
h ·∆xi‖

2
Σ

i,j
v





 . ✭✺✷✮

✇✐t❤ ❏❛❝♦❜✐❛♥s✿

∇xi−1
f =

∂f

∂xi−1
|x̄i−1,ui−1

✭✺✸✮

✹✸



∇xi
h =

∂h

∂xi

|x̄i,lj ✭✺✹✮

■♥ t❤❡ ♥❡①t st❡♣✱ r❡♦r❣❛♥✐③❡ ❡q✉❛t✐♦♥ ✭✺✷✮ ✐♥ ♦r❞❡r t♦ ❣❡t ❛ t❡r♠ ✐♥ t❤❡ ❢♦r♠

♦❢ J(X̄k + ∆Xk) ≈
∥∥∥A ·∆Xk − b̆

∥∥∥
2

❛♥❞ ❝❛❧❝✉❧❛t❡ ♦♣t✐♠❛❧ ✐♥❝r❡♠❡♥t ∆Xk ❜②

s♦❧✈✐♥❣ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ A ·∆Xk = b̆✳
❯♣❞❛t❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♣♦✐♥t ❜② X̄k ← X̄k + ∆Xk ❛♥❞ r❡♣❡❛t ♣r♦❝❡ss ✉♥t✐❧

❝♦♥✈❡r❣❡♥❝❡✳

✹✹



❘❡❢❡r❡♥❝❡s
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 ʲʶʡʺʮ ʥʡ ʩʰʹʤ ʤʸʷʮʡBSP  ,ʯʥʰʫʺʤ ʺʬʩʧʺ ʲʢʸʮʨʷʩʩʡʥʠʤ ʩʥʤʩʦ ʬʥʣʩʮ ʬʹ ʹʥʣʩʧʤ ʠʬʬ,  ʭʩʨʷʩʩʡʥʠʤ ʭʩʤʥʦʮ
,ʭʩʬʥʬʱʮʤ ʩʰʹʡ  ʩʥʤʩʦ .ʸʡʲʡ ʭʩʨʷʩʩʡʥʠʤ ʥʴʶʰ ʭʤʡ ʭʩʰʥʥʩʫʤʮ ʩʸʮʢʬ ʭʩʰʥʹ ʤʩʠʸʤ ʩʰʥʥʩʫ ʥʡ ʸʺʥʩ ʸʶʷʤ ʬʥʬʱʮʡ ʭʢ

ʤʦ ʬʥʬʱʮʡ ʪʥʸʲʹʤ ʺʠʩʢʹʡ ʤʣʩʸʩʬ ʭʸʥʢʥ ̋ ʥʠʩʶʮʤ ʺʠ ʭʠʥʺ ʥʰʩʠ ʤʦ ʤʸʷʮʡ ʭʩʨʷʩʩʡʥʠʤ,  ʺʮʠʥʺ ʤʰʩʠ ʠʩʤ ʳʠʹ
ʥʢʹ ʤʴʣʲʤʬ ʺʮʸʥʢ ʯʫʬʥ ʺʥʠʩʶʮʡ ʤʩʥʴʶʤ ʤʣʩʸʩʤ ʺʠ.ʸʺʥʩ ʸʶʷʤ ʬʥʬʱʮʤ ʬʹ ʤʩ 

 
 ʲʶʡʺʮ ʥʡ ʩʹʩʬʹʤ ʤʸʷʮʡBSP ʯʥʰʫʺʤ ʺʬʩʧʺ ʲʢʸʮ,  ʸʹʠʫʬʬʥʫ ʺʠ  ,ʨʷʩʩʡʥʠʤ ʩʥʤʩʦ ʬʥʣʩʮ ʬʹ ʹʥʣʩʧʤ

ʺʥʠʩʶʮʤ ʺʠ ʺʮʠʥʺʤ ʤʰʥʫʰ ʤʸʥʶʡ ʭʩʤʥʦʮ ʭʩʨʷʩʩʡʥʠʤ, ʸʮʥʬʫ ʥʩʫʬ ʭʩʮʥʣ ʤʩʠʸʤ ʩʰʥʥʩʫ ʥʡ ʬʥʬʱʮʡ ʷʸ ʭʤʡ ʭʩʰʥ
 .ʸʡʲʡ ʭʩʨʷʩʩʡʥʠʤ ʥʴʶʰʰ ʳʣʲʥʮʤ ʬʥʬʱʮʤ ʯʫʬ ,ʭʩʮʥʣ ʭʩʰʥʥʩʫʮ ʭʩʨʷʩʩʡʥʠʤ ʭʩʴʶʰ ʥʡ ʪʥʸʠʤ ʬʥʬʱʮʤ ʺʥʩʤʬ ʸʧʡ

ʡ ʩʥʴʶʹ ʩʴʫ.ʺʥʠʩʶʮ 
 

ʪʥʸʲʹʤ ʺʠʩʢʹʡ ʤʣʩʸʩʬ ʠʩʡʤʬ ʬʥʬʲ ʺʥʠʩʶʮʡ ʤʸʥʷʹ ʤʮ ʺʠ ʭʠʥʺ ʥʰʩʠʹ ,ʭʩʨʷʩʩʡʥʠʤ ʬʹ ʯʥʫʰ ʠʬ ʩʥʤʩʦ ,ʭʥʫʩʱʬ, 
ʺʥʩʰʱʸʤ ʺʥʠʶʥʺʬʥ ʬʥʬʱʮ ʬʹ ʤʰʥʫʰ ʠʬ ʤʸʩʧʡʬ ʯʫʬʥ ʺʥʠʩʶʮʡ ʩʥʴʶʤ ʺʠ ʺʮʠʥʺ ʤʰʩʠʹ.  ʤʣʥʡʲʡ ʤʧʺʥʴʹ ʤʹʩʢʤ

 ʺʸʹʴʠʮ ʥʦ ʤ ʺʹʩʢʡ ʹʥʮʩʹBSP .ʭʩʰʥʹ ʭʩʰʥʥʩʫʮ ʤʴʶʰ ʸʹʠʫ ʨʷʩʩʡʥʠ ʩʥʤʩʦʬ ʺʩʬʠʩʸʤ ʺʬʥʫʩʡ ʺʥʡʹʧʺʤ ʪʥʺ 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



ʸיʶʷת 

 ʹʸʣʰ ʤʲʥʣʩ ʤʰʩʠʹ ʤʡʩʡʱʡ ʩʮʥʰʥʨʥʠ ʨʥʥʩʰ .ʤʲʥʣʩ ʤʰʩʠʹ ʤʡʩʡʱʡ ʩʮʥʰʥʨʥʠ ʨʥʥʩʰ ʬʹ ʤʩʲʡʤ ʸʷʧʡ ʺʷʱʥʲ ʥʦ ʤʣʥʡʲ
 ,ʬʬʧʡ ʬʹʮʬ ʺʥʡʸ ʺʥʩʶʷʩʬʴʠʡʮʬ ʺʧʺʮ ʡ ʹʮʺʹʤʬ ʯʺʩʰ ʠʬ ʤʡʹ ʤʡʩʡʱ ʬʫʡ ʥʠ ʭʩGPS.  ʯʩʠ ʥʡʹ ʤʸʷʮʡ

 ʥʡʶʮ ʺʠ ʪʸʲʹʬ ʹʸʣʰ ʨʥʡʥʸʤ ,ʭʩʴʱʥʰ ʲʣʩʮ ʺʥʸʥʷʮ ʺʥʬʡʷʺʮʤ ʺʥʣʩʣʮʡ ʹʥʮʩʹ ʩʣʩ ʬʲ ʤʡʩʡʱʤ ʺʠ ʺʥʴʮʬʥ
ʥʬʹ ʭʩʸʥʱʰʱʤʮ )ʤʮʬʶʮ ʬʹʮʬ(.  ʺʠʸʷʰ ʥʦ ʤʩʲʡSLAM.  ʪʥʸʲʹ ʪʸʥʶʬ ʤʲʥʰʺʤ ʩʰʥʺʰʡ ʷʸ ʹʥʮʩʹ ʤʹʲʰ ʸʹʠʫ

ʭʩʹʲʸ ʡʷʲ ʯʮʦ ʪʸʥʠʬ ʳʧʱʰ ʨʥʥʩʰʤ ʯʥʸʺʴ ,ʨʥʡʥʸʤ ʬʹ ʡʶʮʤ.  ʤʡʩʡʱʤ ʩʰʥʺʰʡ ʭʩʹʮʺʹʮ ,ʥʦ ʤʩʲʡʡ ,ʯʫʬ
ʮ ʬʲ ʺʥʣʩʣʮʤ ʯʮ ʭʩʬʡʷʺʮʤʪʥʸʲʹʤ ʺʠʩʢʹ ʺʠ ʯʩʨʷʤʬ ʺʰ. ʪʥʸʲʹʤ ʺʠʩʢʹ ʺʰʨʷʤ ʸʹʴʠʺʮʺ  ʤʩʩʴʶ ʩʣʩ ʬʲ ʬʲ 

 ʺʸʦʥʧ ʤʩʩʴʶ ʯʫʮ ʸʧʠʬʥ ,ʤʡʩʡʱʡ ʭʩʨʷʩʩʡʥʠʭʤʩʬʲ .ʤʲʥʰʺʡ ʪʩʹʮʮ ʨʥʡʥʸʤ ʸʹʠʫ ʸʧʠ ʯʥʥʩʫʮ 

 
 ʩʣʫ ʪʥʺ ,ʤʰʥʺʰ ʤʮʩʹʮ ʭʩʬʹʤʬ ʺʰʮ ʬʲ ʺʥʮʩʠʺʮ ʤʸʷʡ ʺʥʬʥʲʴ ʯʰʫʺʬ ʹʸʣʰ ʨʥʡʥʸʤ ,ʳʱʥʰʡʺʥʫʮʺʱʤ  ʬʲ

ʮʤ ʭʩʰʥʺʰʤʭʩʫʸʲʥʹ.  ʨʥʡʥʸʤ ʬʹ ʤʲʥʰʺʤ ʩʰʥʺʰ ʡʶʮʤ ʯʫʬʥ ʺʥʹʲʥʸ ʯʰʩʤ ʺʥʬʡʷʺʮʤ ʺʥʣʩʣʮʤʥ ʭʩʩʨʱʫʥʨʱ
 ʡʹʧʺʤʬ ʹʸʣʰ ʺʥʩʣʩʺʲʤ ʤʸʷʡʤ ʺʥʬʥʲʴ ʯʥʰʫʺʡ ʯʫʬ .ʩʠʣʥ ʥʰʩʠ ʤʡʩʡʱʡ ʭʩʨʷʩʩʡʥʠʤʥ ʨʥʡʥʸʤ ʬʹ ʪʸʲʥʹʮʤ

ʺʠʸʷʰ ʥʦ ʤʩʲʡ .ʭʩʰʥʹʤ ʺʥʠʣʥʤ ʩʠ ʺʥʸʥʷʮʡ BSP – Belief Space Planning   ʯʥʰʫʺ()ʡʶʮʤ ʡʧʸʮʡ.  

 
ʲʰ ʤʸʷʡʤ ʺʥʬʥʲʴ ʯʥʰʫʺʩʶʷʰʥʴ ʬʹ ʤʩʶʦʩʮʩʨʴʥʠ ʩʣʩ ʬʲ ʤʹʩ ʭʥʮʩʰʩʮ ʩʡʢʬ ʭʩʶʥʬʩʠ ʠʮʢʥʣʬ ʬʥʬʫʬ ʤʬʥʫʩ ʸʹʠ y ʩʧʮ ʺ

.ʺʮʩʥʱʮ ʤʸʨʮʬ ʤʲʢʤʥ ʬʥʬʱʮ ʪʸʥʠ ,ʪʥʸʲʹʤ ̋ ʠʩʢʹ  ̋ ʥʮʩʩʷ ̋ ʥʹʩʢʺʥʷʱʥʲʤ  ʭʩʩʷʹ ̋ ʥʧʩʰʮ ,ʡʶʮʤ ʡʧʸʮʡ ʯʥʰʫʺʡ
ʧʩʰʮ ʺʥʸʧʠ ʺʥʹʩʢ ,ʤʡʩʡʱʤ ʬʲ ʭʣʷʥʮ ʲʣʩʮ ʺʥʧʩʰʮ ʺʥʮʩʩʷʤ ʺʥʹʩʢʤ ʬʫ ʬʡʠ ,ʤʡʩʡʱʤ ʬʲ ʭʣʷʥʮ ʲʣʩʮ ʯʩʠʹ ʺʥ

 .ʭʩʰʥʹ ʭʩʰʥʥʩʫʮ ʤʴʶʰ ʸʹʠʫ ,ʩʬʠʩʣʩʠ ʨʷʩʩʡʥʠ ʩʥʤʩʦʤʤʥʦʩ ʨʷʩʩʡʥʠʹ ʤʧʰʤʤ  ʧʸʫʤʡ  ʭʩʰʥʹ ʭʩʰʥʥʩʫʮ ʤʴʶʰ ʸʹʠʫ
ʤʰʥʫʰ ʤʰʩʠ ,ʩʸʮʢʬ -  ʭʩʣʩʣʮʤ ʺʥʬʥʫʩʡ ,ʨʷʩʩʡʥʠʤ ʤʴʶʰ ʭʤʡ ʭʩʰʥʥʩʫʡ ʣʥʠʮ ʤʩʥʬʺ ʨʷʩʩʡʥʠ ʩʥʤʩʦ ʺʬʥʫʩ ʺʥʬʥʫʩʡʥ

.ʤʰʥʮʺʤ ʣʥʡʩʲ ʩʮʺʩʸʥʢʬʠ 

 
ʩʬʠʩʣʩʠ ʨʷʩʩʡʥʠʤ ʩʥʤʩʦʹ ʭʩʧʩʰʮ ʠʬ ʥʰʠ ,ʥʦ ʤʣʥʡʲʡ. ʤ ʺʹʩʢ ʭʩʧʺʴʮʥ ʨʷʩʩʡʥʠʤ ʩʥʤʩʦ ʺʠ ʭʩʬʣʮʮ ʥʰʠ-BSP  ʪʥʺ

.ʤʩʩʠʸʤ ʤʣʹʡ ʨʷʩʩʡʥʠʤ ʥʤʩʮ ʯʥʺʰʹ ʤʧʰʤʡ ,ʭʩʰʥʹ ʤʩʩʴʶ ʩʰʥʥʩʫʮ ʨʷʩʩʡʥʠ ʩʥʤʩʦʡ ʭʩʣʷʮʺʮ ʥʰʠ .ʪʫʡ ʺʥʡʹʧʺʤ 
ʩʦ ʺʠ ʬʣʮʬ ʺʰʮ ʬʲ ʸʹʠ ,ʺʩʴʶʰʤ ʤʰʶʱʬ ʤʮʬʶʮʤ ʯʩʡ ʤʩʩʠʸʤ ʥʷ ʡʩʡʱ "ʩʥʤʩʦ ʱʥʰʥʷ" ʭʩʸʩʣʢʮ ʥʰʠ ʨʷʩʩʡʥʠʤ ʩʥʤ

 ̋ ʠ y ʩʣʢʮʤʩʩʴʶʤ ʩʰʥʥʩʫ ʭʤʮ .ʺʸʦʥʧ ʤʩʩʴʶʡ ʤʤʥʦʩ ʨʷʩʩʡʥʠʤ ʤ ̋ ʥʠʥʥʹʮ ʧʥʺʩʴ ʪʸʥʶʬ- BSP  ʬʥʣʩʮʡ ̋ ʥʡʹʧʺʤ ʪʥʺ
ʭʠʤ ʯʩʩʶʮ ʸʹʠ ʹʣʧ ʩʸʠʰʩʡ ʩʠʸʷʠ ʤʰʺʹʮ ʭʩʸʩʣʢʮ ʥʰʠ ,ʨʷʩʩʡʥʠʤ ʩʥʤʩʦ ʠ ʤʤʥʦ.ʨʷʩʩʡʥʠʤ ʤʤʥʦ ʠʬ ʥ 

 ʬʹ ʺʥʲʴʹʤʤ ʺʠ ʯʥʧʡʬ ʺʰʮ ʬʲ ʤʩʶʬʥʮʩʱʡ ʭʩʹʮʺʹʮ ʥʰʠ ʺʬʬʥʫ ʤʩʶʬʥʮʩʱʤ .ʺʥʠʶʥʺʤ ʬʲ ʨʷʩʩʡʥʠʤ ʩʥʤʩʦ ʬʥʣʩʮ
.ʺʸʫʥʮ ʤʰʩʠʹ ʤʡʩʡʱʡ )ʷʧʸʮ ʣʮʥ( ʤʮʬʶʮ ʭʲ ʨʥʡʥʸ ʰʧʥʡ ʥʰʠ ʣʧʠ ʬʫʬ ʸʹʠʫ ,ʹʠʸʮ ʭʩʰʥʺʰ ʭʩʬʥʬʱʮ ʩʰʹ ʭʩ

 ʤʰʥʹ ʪʸʣ ʭʤʮ ʪʠʬ ʭʩʲʩʢʮ.ʤʸʨʮ ʤʺʥʠ ʠʸʤ ʷʬʧʡʯʥʹ ʤʡ ʲʶʡʺʮʥ ʤʤʦ ʪʸʣʤ SLAM , ʤʣʥʷʰʬ ʭʩʲʩʢʮ ʸʹʠ ʣʲ
 ʤʰʥʺʰ ʠʩʤʹʤʡ ʯʥʰʫʺʤ ʺʬʩʧʺ ʺʣʥʷʰ ʬʩʧʺʮ ʨʥʡʥʸʤ  ʯʥʰʫʺ ʲʶʡʬBSP  ,ʥʦ ʤʣʥʷʰʮ ʬʧʤ  ʪʸʣʡ ʪʩʹʮʮ ʬʥʬʱʮ ʬʫ

ʸʣʡ ʲʰ ,ʣʧʠ ʬʥʬʱʮ .ʺʸʧʠ .ʭʩʨʷʩʩʡʥʠʤ ʥʴʶʰ ʭʸʨ ʭʤʡ ʭʩʹʣʧ ʤʩʠʸ ʩʰʥʥʩʫ ʪʸʣ ʺʸʡʥʲ ʸʹʠ ʪʠ ,ʸʺʥʩ ʤʸʶʷ ʪ
 ʯʥʹʠʸʤ ʷʬʧʡ ʭʩʨʷʩʩʡʥʠʤ ʥʴʶʰ ʭʤʡ ʤʩʩʠʸʤ ʩʰʥʥʩʫʬ ʭʩʮʥʣ ʤʩʩʠʸ ʩʰʥʥʩʫ ʪʸʣ ʸʡʥʲ ʪʠ ,ʸʺʥʩ ʪʥʸʠ ʥʰʩʤ ʩʰʹʤ ʬʥʬʱʮʤ

ʤ ʬʹ- SLAM. 

 
ʬʱʮʤ ʺʠ ʭʩʰʧʥʡ ʥʰʠ ,ʨʷʩʩʡʥʠʤ ʩʥʤʩʦ ʬʥʣʩʮʡ ʹʥʣʩʧʤ ʺʠ ʯʥʧʡʬ ʺʰʮ ʬʲ ʺʠʩʢʹ ʺʰʨʷʤ ʬʹ ʨʡʩʤʡ ,ʭʩʰʥʺʰʤ ʭʩʬʥ

:ʭʩʸʷʮ ʤʹʥʬʹ ʭʩʰʧʥʡ ʥʰʠ .ʪʥʸʲʹʤ 
 1 ʷʸ ʲʶʡʺʮ ʬʥʬʱʮʤ ʬʫ ʪʸʥʠʬ .SLAM ,.ʺʥʠʩʶʮʤ ʺʠ ʢʶʩʩʮ ʤʦ ʤʸʷʮ ,ʯʥʰʫʺ ʲʶʡʺʮ ʠʬ 
 2 ʯʥʰʫʺ ʲʶʡʺʮ .BSP  ,ʯʥʰʫʺʤ ʺʬʩʧʺ ʺʣʥʷʰʮ ʬʧʤʩʴ ʬʲ  ʺʥʹʩʢBSP ʣʩʠ ʨʷʩʩʡʥʠ ʩʥʤʩʦ ʺʥʧʩʰʮʤ ʺʥʮʩʩʷʩ.ʩʬʠ 
 3 ʯʥʰʫʺ ̡ ʶʡʺʮ .BSP ʤ ,ʯʥʰʫʺʤ ̋ ʬʩʧʺ ̋ ʣʥʷʰʮ ʬʧʩʴ ʬʲ ʹʩʢ ̋BSP  ʩʥʤʩʦ ʬʥʣʩʮ ʬʹ ́ ʥʣʩʧʤ ̋ ʠ ̋ ʬʬʥʫʤ.ʨʷʩʩʡʥʠʤ 
 

ʺʰʩʧʡʮ  ,ʭʩʰʥʹʤ ʭʩʸʷʮʤ ʺʹʥʬʹʡ ʺʥʠʶʥʺʤ ʲʶʡʺʮ ʥʡ ʯʥʹʠʸʤ ʤʸʷʮʡ ʩʫ ʤʬʥʲSLAM  ʺʠ ʢʶʩʩʮ ʸʹʠʥ ʣʡʬʡ
ʰʥʥʩʫʬ ʭʩʮʥʣ ʭʩʰʥʥʩʫʮ ʭʩʴʶʰ ʸʹʠʫ ʷʸ ʭʩʤʥʦʮ ʭʩʨʷʩʩʡʥʠʤ ,ʺʥʠʩʶʮʤ ʭʩʨʷʩʩʡʥʠʤ ʸʹʠʫ .ʩʥʴʶʫ ,ʸʡʲʡ ʥʴʶʰ ʭʤʡ ʭʩ

 ʪʥʸʲʹʤ ʺʠʩʢʹ ,ʡʥʹ ʭʩʤʥʦʮʺʧʰʥʶ  ʳʠ ʬʲ ,ʺʩʰʹ ʭʩʤʥʦʮ ʭʩʨʷʩʩʡʥʠʤ ʥʡ ʬʥʬʱʮʤ ʠʥʤ ʳʣʲʥʮʤ ʬʥʬʱʮʤ ʯʫʬʥ
 .ʸʺʥʩ ʪʥʸʠ ʠʥʤ ʤʦ ʬʥʬʱʮʹ 

 



 הנדסת אוירונוטיקה וחללבפקולטה לאינדלמן  ואדים פרופסורהמחקר נעשה בהנחיית 

 

 תודות

על ההנחיה וההכוונה בכל שלבי  ברצוני להביע את הערכתי ותודתי הרבה לפרופ' ואדים אינדלמן
המחקר. תודה על העצות הסבלנות וההסברים המפורטים. העבודה יחדיו על המחקר הייתה 

 עבורי מהנה ומעניינת במיוחד.

למשפחתי הנפלאה, אני מודה לכם על העידוד והסבלנות לאורך כל הדרך. תודה מיוחדת לבעלי 
ודה לכן על שגרמתן לתקופה להיות כה מהנה . לגילי והדר, תעידן על התמיכה הבלתי מוגבלת

 ומיוחדת.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 ניווט אוטונומי באמצעות שערוך ותכנון
 תחת אי ודאות 

 זיהוי אובייקט תוך מידול 
 

 
 
 

 חיבור על מחקר 
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