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Abstract

Partially Observable Markov Decision Process (POMDPs) are notoriously hard to solve.
In this work we consider online planning in partially observable domains. Solving the
corresponding POMDP problem is a very challenging task, particularly in an online
setting. Our key contribution is a novel algorithmic approach, Simplified Information
Theoretic Belief Space Planning (SITH-BSP), which aims to speed up POMDP planning
considering belief-dependent rewards, without compromising on the solution’s accuracy.
We do so by mathematically relating the simplified elements of the problem to the
corresponding counterparts of the original problem. Specifically, we focus on belief
simplification and use it to formulate bounds on the corresponding original belief-
dependent rewards. These bounds in turn are used to perform branch pruning over
the belief tree, in the process of calculating the optimal policy. We further introduce
the notion of adaptive simplification, while re-using calculations between different
simplification levels, and exploit it to prune, at each level in the belief tree, all branches
but one. Therefore, our approach is guaranteed to find the optimal solution of the
original problem but with substantial speedup. As a second key contribution, we derive
novel analytical bounds for differential entropy, considering a sampling-based belief
representation, which we believe are of interest on their own. We validate our approach
in simulation using these bounds and where simplification corresponds to reducing the
number of samples, exhibiting a significant computational speedup while yielding the
optimal solution. Finally, we embed the paradigm of simplification into the MCTS
algorithm. In particular, we present Simplified Information-Theoretic Particle Filter
Tree (SITH-PFT), a novel variant to the MCTS algorithm that considers information-
theoretic rewards but avoids the need to calculate them completely. Our approach
is general; namely, any converging to the reward bounds can be easily plugged-in to

achieve substantial speedup without any loss in performance.
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Chapter 1

Introduction

1.1 Planning under uncertainty

In the world of autonomous agents operating in an uncertain environment, a Partially
Observable Markov Decision Process (POMDP) provides a principled mathematical
framework for planning under uncertainty. Solving a POMDP is proven to be PSPACE-
Complete Papadimitriou and Tsitsiklis [1987] giving rise to many algorithms trying
to approach the optimal solution without having to solve the entire problem. This
difficulty is more keenly felt when considering an online-setting of such autonomous
tasks, i.e., when a robot has few seconds in every time step to execute the action it deems
to be ‘optimal’. In a partially observable setting, the robot maintains a belief, a posterior
distribution over the state of interest, given actions and observations history the robot
has executed and gathered so far. At each planning session, given this belief the robot
determines the optimal policy (or action sequence) by constructing and traversing a
belief tree, as illustrated in Fig. 1.1, which models how the POMDP can evolve into
the future considering some finite horizon of time steps. When constructing the tree in
planning time, the tree branches when taking an action and again when acquiring an
observation.

This setting presents two main difficulties. The first is the curse of dimensionality.
The size of the state space grows exponentially with the number of state variables
and correspondingly so does the belief. The second is the curse of history. Planning
into the future requires building the belief tree, which grows exponentially with the
action and observation spaces. These two problems gave rise to many works trying to
reduce computation time when solving the POMDP such as Silver and Veness [2010]
and Smith and Simmons [2004]. In recent years many works began to used POMDPs to
model more realistic problems, such as continuous or huge observation and action spaces
e.g. Sunberg and Kochenderfer [2018], Garg et al. [2019], Lim et al. [2020b]. Another
example is works considering information-theoretic rewards (e.g. Fischer and Tas [2020]).
Information gathering rewards has proven to be extremely beneficial in various robotics

tasks such as exploration, efficient sensing etc. Stachniss et al. [2005], Singh et al. [2009].



Figure 1.1: A belief tree is built starting from the current time belief by (the root). Tree branches
when considering different future actions and observations. Round nodes represent belief nodes and
square nodes represent belief-action nodes. For each belief node, b in a given belief tree a simplified
belief b° is calculated and used to formulate bounds over the corresponding belief-dependent reward.
These bounds are then used to prune branches while calculating the optimal policy.

However, they can also be very costly (computationally speaking), and accounting for
each node in the belief tree the problem quickly becomes even more intractable.

In this work we consider this challenging setting of continuous state and observation
spaces, and the use of information-theoretic rewards. We utilize a notion called Simplifica-
tion, and show how it can be a Complementary method to POMDP planning algorithms,
speeding them up. We present novel mathematical simplification-based derivations that
form a new fundamental way suggesting how to speed up calculations when planning
is done by traversing the belief tree. Further, we consider non-parametric, sample-
based belief representation and we derive novel analytical bounds for the particle-based
differential entropy approximation. We verify that our approach can yield significant
speedup via experimenting on a continuous state and observation setting and using the

differential entropy approximation as a reward function.

1.2 Related Work

Accurately solving huge (or continuous) state and observations spaces POMDP is time-
consuming. Early methods, tackling MDPs with huge state space, such as Kearns et al.
[2002] build the belief tree up to a predetermined planning horizon. Next, they choose
the optimal action at the root by utilizing the Bellman operator Bellman et al. [1957]



from the leaves up to the root of the tree, updating needed estimations along the way.
The purpose is to avoid iterating the entire belief space and only consider belief elements
that are achievable via sampled actions-observations sequences executed from the root
of the tree. However, building the tree in full is still highly expensive. Silver and Veness
[2010] introduced POMCP, an algorithm that applies Monte Carlo Tree Search over the
POMDP’s equivalent Belief-MDP. This method and its numerous expansions (Sunberg
and Kochenderfer [2018], Hoerger et al. [2019], Lim et al. [2020b] etc.) avoid building the
full belief tree. They do so by building it incrementally, exploring only the “promising”
parts. Commonly, they make use of a strategy to balance exploration and exploitation,
such as UCB Kocsis and Szepesvari [2006]. However, most of these algorithms are not
suitable for information-theoretic rewards since they require the belief to be represented
as a complete set of state samples commonly denoted as ‘particles’. This last demand
can be hardly met throughout the tree when the observation space is continuous because
they (the mentioned algorithms) each time simulate only a single state sample (particle).
Exceptions are PET-DPW Sunberg and Kochenderfer [2018] and IPFT Fischer and Tas
[2020]. These algorithms represent the belief nodes as a set of particles and each time a
belief node is added to the tree, they propagate all the particles using a ‘particle filter’,
which is a common sampling-based approach that can be used to preform belief updates
given current belief, action and observation. Hence, the name Particle Filter Tree.

Another paradigm meant to speed up planning is the use of upper and lower bounds
throughout the tree nodes Kochenderfer et al. [2022]. The gap induced by the bounds
is used as a heuristic to choose “promising” sections of the tree to expand and when the
bounds at the root are close enough they serve as stopping criteria to the algorithm.
Smith and Simmons presented HSVI Smith and Simmons [2004], which is an early
seminal work that makes use of bounds over the belief tree in the context of POMDP
planning. However, their approach is not suitable for the setting we consider in this
work. A notable assumption they make is that the observation space is finite where we
assume it is infinite. Ye et al. introduced DESPOT Ye et al. [2017], which is one of
the state-of-the-art algorithms for POMDP planning. It uses MCTS, utilizes upper and
lower bounds, and adds regularizations to avoid over-fitting while planning. However,
this work is also inadequate for information-theoretic rewards since again, like others, it
simulates a single particle at a time which can lead to belief nodes containing a single
particle. Following work, DESPOT-« Garg et al. [2019], indeed simulates a complete
set of particles that potentially can open the door to information-theoretic rewards.
However, the unique exploration strategy of this algorithm makes use of a-vectors which
assumes a specific rewards structure that is not general enough and does not settle with
information-theoretic rewards.

It is worth mentioning additional methods such as belief compression that can
speed up planning Roy et al. [2005]. Yet, these kinds of methods are driven by error
minimization such as belief representation error induced by the relaxation they carry

out. In turn, these errors may result in a sub-optimal solution. On the other hand,



simplification Elimelech and Indelman [2021], Shienman et al. [2021] strives to perform
relaxation of the decision-making problem while assuring the same solution as the
original (non-relaxed) problem. When it is not feasible, the potential objective error
(of executing one action over the optimal one) is bounded as part of the simplification
scheme.

Finally, incorporation of information-theoretic reward into POMDPs is a long
standing effort. Araya et al. [2010] were the first to consider rewards over the belief
for POMDP planning. They introduced p-POMDP and extended the exact a-vectors
method and a family of point based approximation algorithms to considering convex
belief-dependent reward functions. However their formulation does not suggest how to
deal with continuous state and observation spaces. Following work Fehr et al. [2018§]
extended their work further to Lipschitz-continuous reward functions and provide an
HSVI-like algorithm which is as mentioned not suitable for continuous spaces. Thomas
et al. [2021] extended POMCP such that it can handle belief dependent rewards
(including information-theoretic ones) but their convergence proof does not hold when
considering continuous action or observation spaces. Additional attempts such as Dressel

and Kochenderfer [2017] were tackling offline solvers.

1.3 Contributions

We derive a new algorithmic approach, Complementary to existing POMDP planning
algorithms. The approach is meant to speed up planning when considering information-
theoretic rewards and continuous state and observation spaces. Our method follows the
general sparse sampling planning scheme and thus lays the foundations to expanding
it to additional planning techniques. Further, to demonstrate our approach we derive
novel bounds over the particle-based approximation of the differential entropy. The
bounds are easy to calculate, converge to the actual entropy approximation on-demand,
and can be efficiently updated incrementally. Subsequently, our approach demonstrates
substantial speedup while securing an identical to the baseline solution.

Further we show how our approach can be Incorporated in a state-of-the-art MCTS
POMDP planner and provide a novel algorithmic framework based on our converging
bounds on the belief-dependent reward. This method is guaranteed to yield the same
action and belief tree as the most general algorithm suitable for such belief-dependent
rewards (PFT-DPW). Our approach is general; namely, any bounds that are converging
to the reward can be easily plugged-in to achieve substantial speedup without any loss

in performance.



Chapter 2

Background

2.1 POMDPs

We model the Partially Observable Markov Decision Process (POMDP) for the finite
horizon case, as a 7-tuple: M = (X, A,T,r, Z,0,by), where X, A and Z are the
state, action and observation spaces, respectively. T(z,a,z') £ P(2' | z,a) is the
probabilistic transition model from past state z € X to state 2’ € X via action a € A.
O(z, 2) 2 P(z | x) is the observation model expressing the measurement likelihood z € Z
for a given state. by is the initial belief we have on the state at planning time. The
belief is a posterior distribution over the state given all actions and measurements so far.
It can be updated recursively via Bayes rule as b[z/] = n [P(2' | 2/)P(2 | z, a)b[z]dz,
where 7 is a normalization constant. Let hy = {bo, ao, 21, ...ax—1, 21} denote history of
actions and observations obtained by the agent up to time instance k and the prior
belief.

In this research we consider a belief-dependent reward function (b, a). It allows one
to use information-theoretic costs such as (differential) entropy, information gain and
mutual information, thereby reasoning about future posterior uncertainty within the
decision making process.

We denote the posterior belief at planning time k as b[zx] 2 P(z | agr—1, 21:%)-
Further, we denote by m; a policy for time step k+j, i.e. 74 ;(b[x4;]) determines the
action ag4;. Let mp4 2 TekiL—1 Tepresent a sequence of policies for the entire planning
horizon of L steps that starts at time instant k. To shorten notations, we shall also use
in the sequel (44 )+ = ThyjiktL—1, as well as byy; = blzg;]. When solving a POMDP,

one is trying to find the optimal policy that maximizes the objective (value) function,

ket L—1
J (b, Ty ) = ZH{EHL{ > r(bs, mi(bi) 4 7(bryr) }s (2.1)
LTk

where 7(bgyp) is the terminal reward. We may also consider a more general reward
structure of r(b;,b;—1,a;), which is required, for example, to support information-

theoretic reward functions such as information gain, and a specific sampling-based



approximation of differential entropy Boers et al. [2010] that we shall use in Section
3.1.3. As earlier, action a; is determined by ;(b;). The optimal policy 7}, = -1

and the corresponding objective function are given by

Ty = argmax J (b, w4 ), J*(by) = max J(bg, mp ). (2.2)
Tk+ T+

Further, the objective function (2.1) can be written recursively, i.e., the Bellman equation.

(O Ty ) =1 (B @) + B 1T (Bt Ty ) - (2.3)

2.2 Planning using reward bounds

Usually when planning into the future a planning tree, or a belief tree in the more
general case, is built in some manner. Tree nodes represent the different future beliefs
that were acquired by considering future actions and observations. Each such node
induces some reward that can be calculated using the reward model which is given as
part of the POMDP tuple. This tree approximates the expectation of cumulative future
rewards given different possible policies. In order to decide which action should be taken
at the root of the tree, rewards should be summed bottom up (leaves to root). This
weighted summation for the different routes in the tree, is nothing but the objective
function (2.1). Once the rewards are propagated up the tree, the action (at the root)
that present greater future cumulative reward should be chosen, i.e. choose the most
promising subtree of the original tree (illustration in Fig. 2.1a). Due to the recursive
nature of (2.1), (2.3) this formulation is also recursive and is applied in each belief node
of the belief tree. L.e., in each node we propagate up the action that has the biggest
corresponding subtree cumulative reward. Thus we get the optimal policy.

A possible way to improve this setting is by bounding the tree branches. Meaning,
each belief node by ; in the belief tree has child subtrees corresponding to the different
actions that can be taken from by ;. Each child subtree has it’s own upper and lower
bound {EBm,UBm}Lflzl that we somehow got. So, according to the bounds, when some
actions (subtrees) seem to be less promising than their sibling action, we can avoid
expanding this tree branch in the first place. An alternative way to speedup the process
is eliminating existing branches (subtrees or actions) according to these bounds. It
becomes possible when for two sibling subtrees m/, m” corresponding to two different
actions, we get LB, > UB,,» or LB,,» > UB,, . E.g., in Fig. 2.1c the lower bound of
7" is higher than all other policies upper bounds. However this becomes problematic if
(a) the bounds are not cheaper to calculate than the original objective of some tree. (b)
We cannot eliminate all actions but one since the bounds are not tight enough. E.g. in

" is better than policy 7 since the latter

Fig. 2.1b one cannot say for sure that policy
upper bound is higher than the former lower bound. As explained later in 2.3, when

using incremental methods for planning, this straightforward scheme just explained can’t
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Figure 2.1: Action elimination using bounds. (a) Objective for some belief b and candidate policies;
(b) Objective bounds given belief coarse abstraction; (c) Objective bounds given belief fine abstraction.

be carried out naively since it will output a different solution compared to the baseline
(which in this work is PET-DPW). One of our core novelties (see Sec. 3.2) shows how
we can incorporate converging bounds to incremental methods without changing the

baseline solution.

2.3 MCTS over Belief-MDP (PFT-DPW)

As mentioned before, the curse of history and the curse of dimensionality have been a
great challenge in the context of POMDP planning. MCTS (Monte Carlo Tree Search)
based algorithms tackle those problems by (a) building the belief tree incrementally and
exploring only the “promising” parts of the tree, and (b) representing the belief as a fixed
size set of weighted state samples (particles). The common practice to apply MCTS on
partially observable environments is to convert POMDP to Belief-MDP, see e.g. Sunberg
and Kochenderfer [2018]. Most of the MCTS based algorithms use the belief-action

value function notation, also known as the Q-function, V™ (b) = argmax Q™ (by, az),
ay

where
Q" (br, ar) = zEl{p(bk’ ks Zk415 Opy1) | bk, ar b+ Zgl{vw*(bk-&-l”bka ar} (2.4)

and where the notation of the objective (value function) is slightly different,

kt+L—1
Vibe)=_ E { > YR p(bi, wi(bi), Zig1, biva)|, bi ) (2.5)
ik

Zk+1:k+L

We will use the notations interchangeably to settle with common MCTS litterateur

notations.

In our generalized formulation, the reward p(bg,ak, zkt1,bk+1) = 7°(bg,ax) +

Al (by, ag, k11, ber1) is a function of two subsequent beliefs, an action and an ob-

11



servation. Specifically, our reward is

p(bks G, 21, bpy1) = kuEbk{T(xk, ar)} — NH(bg, ag, Zkt1, brs1), (2.6)
where r(z, ar) is state and action dependent reward, and r* (b, a) is the expecta-
tion with regard to the state. r!(bg, ax, 2r41, br41) is an information-theoretic reward,
which in general can be dependent on consecutive beliefs and the elements relating
them (e.g. information gain). —# (b, ax, 2k+1, brr1) is an estimator of our information-
theoretic reward weighted by A. Yet, since such estimators do not commonly have
a closed-form expression for non-parametric beliefs represented by a set of samples,
one has to consider an estimator H of H (e.g., Boers et al. [2010]). As shall be seen,
our chosen estimator requires also previous belief b;, chosen action aj, and received

observation z41. Depending on the estimation method, the inputs can vary. Using the
structure of (2.6),

Q(bk, ar) = Q" (bg, ar) + AQ” (b, ag,), (2.7)

where Q* is induced by state dependent rewards and Q' by the information-theoretic

rewards. They are constituted by L elements of the form Eb {r(z;,a;)} and

€Zgr~

—H(bi, a;, zit1,bit1), respectively. The Q7 element is easy to calculate, thus out of our
focus, whereas the Q! is computationally expensive to compute. From here on, for the
sake of clarity, we will use the notation h and b interchangeably.

An inherent part of MCTS based algorithms is the Upper Confidence Bound (UCB)
technique Kocsis and Szepesvari [2006] designed to balance exploration and exploitation
while building the belief tree. This technique assumes that calculating the reward
over the belief node does not pose any computational difficulty. Information-theoretic
rewards violate this assumption. The algorithm constructs the policy tree by executing
multiple simulations. Each simulation adds a single belief node to the belief tree or
terminates by terminal state or action. To steer towards more deep and beneficial

simulations, MCTS chooses action a' at each belief node according to following rule

o = argmax UCB(ha) UCB(ha) = Q(ha) + ¢ - 1| 25 1)

81 N(ha) * 38

where N (h) is the visitation count of belief node defined by the history h, N(ha) is the
visitation count of belief-action node defined by the history h and following action a, ¢
is the exploration parameter and, Q(ha) is the approximation of the belief-action value
function @ for node ha obtained by simulations. When the action is selected, a question
arises either to open a new branch in terms of observation and posterior belief or to
continue through one of the existing branches. In continuous spaces, this is resolved by
the Progressive Widening technique Sunberg and Kochenderfer [2018]. If a new branch

is expanded, an observation o is created from state x drawn from the belief b.

12



Chapter 3

Approach

3.1 SITH-BSP a general planning with simplification

scheme

3.1.1 Simplification

Simplification is any sort of relaxation of the POMDP tuple elements. In this work we
consider a specific instantiation of this general simplification framework; namely, we
suggest to use a simplified belief b° to bound the reward instead of calculating it in
full. Note, in this setting, simplification does not impact the distribution over which
the expectation is taken. Thus, a given belief tree of the original problem corresponds
also to the simplified problem. We assume the belief tree was built in some manner
and it is given. This setting settles well with Sparse Sampling approaches Kearns et al.
[2002] which are extremely general and widely used. Hence, we will derive our novel
approach over a similar setting. Extensions to additional approaches such as MCTS are
also presented in this research later on.

As mentioned, we aim to simplify the reward calculations. Namely, the original

reward model is bounded using the simplified belief and takes the form
Ib(b%,b,a) < r(b,a) < ub(b®,b,a), (3.1)

where 1b and ub are the corresponding lower and upper bounds, respectively. A key
requirement is reduced computational complexity of these bounds compared to the
complexity of the original reward. Furthermore, our formulation can be extended
straightforwardly to support also information-theoretic rewards of the form r(b;_1, b;),
which involve two (consecutive) beliefs b;_; and b;, such as information gain. In such a
case, the corresponding bounds would be

lb(bfil, bf, bi*h bl) S T(bifl, bz) S ub(bffl, bf, bi*la bl) (32)

In this section we formulate our approach considering the general form of the bounds
(3.1). In Section 3.1.3 we derive novel bounds of the form (3.2).

13



Given a belief tree of the original problem M, Instead of calculating the computation-
ally expensive reward r(b, a) for each belief node b in this belief tree, we first calculate
the corresponding simplified belief b°, as illustrated in Fig. 1.1, and then formulate the
bounds 1b and ub from (3.2). Moreover, we can now traverse the belief tree from the
leafs upwards and calculate recursively bounds over the objective (value) function at
each node b; via Bellman equation (2.3) as described below for i € [k, k + L — 1].

UB(b;, miy )=ub(b7, bi, a))+ E {UB(Dbit1, 7(i11)4)}

Zi+1

(3.3)
EB(bZ, 7T7;+) :lb(bf, bz‘, a)—HE {[:B(bi_H, 7T(i+1)+)}a

Zi+1
with 7y = {m;, T(i41)+} and a = m;(b;) € A, and where the expectation is taken with
respect to P(- | b;,a), and the bounds are initialized at the terminal rewards (Lth time
step in the planning horizon) as LB(bg+r) = 1b(r*(br+1)) and UB(by+1,) = ub(r®(bgs1.))-
This recursive procedure is common and practiced in many works (e.g. Ye et al. [2017]),
yet a key difference is that our bounds (3.2) are obtained by relating the simplified
POMDP elements to the original problem. Eq. (3.3) is a recursive update considering
some trajectory down the belief tree determined by some policy m;4+. In contrast, we
now consider upper and lower bounds for the optimal policy 7}, . We denote these

bounds as
UB*(b;) £ UB(bi,wiﬁr), LB*(b;) £ LB(bi,war). (3.4)

Updating the bounds (3.4) is done recursively in two steps. First by considering the
expansion of the already-calculated bounds UB*(b;41) and LB*(b;+1) via (3.3) we have,

UB(bH {a7 ﬂ?i—i—l)—&—}):u})(bfv bi, a) tI_EF {UB*(bH-l)}
" (3.5)
ﬁB(blv {CL, Wz(i-i—l)—i-}) = lb(bfv bi, CL) t@l{ﬁB*(bz+l)}

In practice, the expectation over observations is approximated by a parametric
number of samples, n,, which yields

* S ]' *
UB(bi, {a,m(s;1)4 })=ub(b, by, a) +— > uBr(vl,)
: (3.6)
* s 1 * 71
ﬁB(bi,{G»W(i+1)+}):1b(bivbiva)'*'n*ZEB (biﬂ)
S

where superscript [ is the belief node index corresponding to the z! observation. The

above is defined for each a € A.

Second, we perform branch pruning using Alg. 3.1 and as explained in Section 2.2:
For each action a € A we have corresponding bounds acquired via (3.6). For sufficiently
tight bounds, all branches but one can be pruned (w.l.o.g. the branch corresponding
to action a* € A). Thus, the bounds corresponding to action a* hold: UB*(b;) =
UB(bi, {a*, 776+1)+})7£B*(bi) = LB(b;, {a*, 7r{+1)+}), and 77, (b;) = {a*,ﬂ?Hl)_F}. As a

(]
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1 2 3 4 uBSi* UBSE* UBSz* UBsi*
1b 1b 1b 1b LB®™* LB LB** LB°~
(a) (b)

Figure 3.1: (a) Leaf nodes are bounded using (3.2). (b) Adaptive Simplification, Subtrees are bounded
using (3.8) and Alg. 3.1.

consequence, we get upper and lower bounds on the optimal objective (value) function
J*(bi)a
LB*(b;) < J*(b;) <UB*(by), (3.7)

and the optimal policy 77, (b;). See illustration in Fig. 3.1b.

Algorithm 3.1 Prune Branches

1: procedure PRUNE
2: Input: (belief-tree root, b; bounds of root’s children, {LB™ UB™}C _)»> C is

the number of child branches going out of b.

3: LB* — mazx{LB™}S_,

4: for all clglldren of b do

5: if LB* > UB™ then

6: prune child m from the belief tree
7 end if

8: end for

9:

end procedure

Yet, this formulation presents a difficulty. It is generally not guaranteed that after
using Alg. 3.1 we are left with a single branch in each belief node since the bounds
might overlap (see illustration in Fig. 2.1b). We discuss how we overcome this difficulty

in the next section.
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3.1.2 Adaptive Simplification

We address the problem of bounds overlapping by extending the definition of simplifica-
tion as we envision it to be an adaptive paradigm. We denote level of simplification as
how ‘aggressive’ the suggested simplification is. Assume that the belief is represented by
a set of samples (particles), as we do in Section 3.1.3. Taking a small subset of particles
to represent the simplified belief corresponds to coarse simplification. Taking many of
them will correspond to fine simplification. Naturally, with this setting, we can define
many discrete levels. We denote subscript ¢ for s; as the simplification level, where sq
and s, correspond, respectively, to coarsest and finest simplification levels. Additionally
we denote superscript j for s7 as the index corresponding to the belief’s tree index. E.g.
in Fig. 1.1 for tree node bi 41 the corresponding simplification index is s* and it may

assume any value of simplification: s* € {sq, s1,...5,}.

Further, in order to assure we can prune all branches but one, we assume bounds
monotonically become tighter as the simplification level is increased and that the bounds
for the finest simplification level s, converge to the original problem. More formally
denote A°(b,a) 2 ub(bS, b;, a) — r(bs, a) and A*(b,a) 2 r(b;, a) — 1b(b7, b, a).

Assumption 3.1.1. ¥s € [0,n — 1] we get: A°(b,a) > A

A" (b, a).

(b,a) and A°(b,a) >

Assumption 3.1.2. ¥b;,a we get: ub(b*", b;,a) = 1b(b*", b;, a) = r(b;, a).

In the sequel we provide bounds that indeed satisfy these assumptions. A key question
is how can we decide the appropriate level of simplification beforehand? We would like
the coarsest level s; that will enable eliminating actions/branches, i.e. lead us to the
situation depicted in Fig. 2.1c and not Fig. 2.1b. In Alg. 3.2 our adaptive simplification
approach is summarized. The general idea is to break down recursively a given belief tree

| A|

m—1, and solve each sub-problem

T into its sub-problems (subtrees), denoted as {T,}
with its simplification level s;. Ultimately this would lead to the solution of the entire
problem via (3.6). A potential computational issue is that it may not be worth it
to increase the simplification level repeatedly, since the overall time for all levels is
suppressing the time it takes to solve the original problem. Fortunately, as discussed

next, this is not an issue with our adaptive simplification.

Our adaptive simplification approach is based on two key observations. The first
key observation is that we can compare bounds from different levels of simplification
when pruning. Our second key observation is that we can re-use calculations between
different simplification levels, and thus avoid re-calculating simplification from scratch.

In the following sections, we elaborate on each of these crucial aspects.
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Algorithm 3.2 Simplified Information Theoretic Belief Space Planning (SITH-BSP)
: procedure FIND OpPTIMAL Poricy(belief-tree: T)

S < S0
return ADAPT SIMPLIFICATION(T,s)

: procedure ADAPT SIMPLIFICATION (belief-tree: T, s;)
if T is a leaf then

1
2
3
4: end procedure
5
6
7 return {lb,ub} > Corresponds to immediate reward bounds over the leaf

(3.1).
8: end if
9: Set simplification level: s « s;
10: for all subtrees T' in T do
11: ApDAPT SIMPLIFICATION(T’,s)
12: Calculate £B¥ ,UB* according to s and (3.8)

13: end for
14: Using {£B*,UB*’ }lj“i'l and Alg. 3.1 prune branches
15: while not all T/ but 1 in T pruned do

16: Increase simplification level: s + s+ 1
17: ADAPT SIMPLIFICATION(T,s)
18: end while

19: Update {EBSj*,Z/{BSj*} according to (3.11)
20: return optimal action branch that left a* and {LB¥*,UB**}.

21: end procedure

Comparing Bounds with Different Simplification Levels

Consider again some belief node b; in the belief tree, and assume recursively for each

of its children belief nodes b; 1 we already calculated the optimal policy 77(*1' +1) 4+ (biv1)

and the corresponding upper and lower bounds L{BSZ*(biH) and £le*(bl-+1), where s

indicates the simplification level, and [ corresponds to the belief tree nodes indexing
notation. In general, the bounds for each belief node b; 11 can correspond to different
simplification levels, as illustrated in Fig. 3.1b.

We now discuss how the simplification level is updated recursively, and revisit the
process to calculate the optimal policy and the corresponding bounds for belief node
b;, previously described by Eqs. (3.6) and (3.7). Incorporating adaptive simplification,
Eq. (3.6) is modified to

sJ j s j 1 shx
UBJ(bi7{af,w(*iH)Jr}):ub(bi,bi,a§)+n—ZL{B (2
L/

(3.8)

87 - s 1 o
LB (bi, {a], 7 11)4 }) =10 (0], bi, af )+ 3~ LB * (by).
Z
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Note this equation applies for each a{ € A, and as mentioned, each belief node bé 41
(one for each observation z! 4+1) has its own simplification level s!. In other words, for
each bl,, s’ is the simplification level that was sufficient for calculating the bounds
{Ule*(szrl), 5351*(b§+1)} and the corresponding optimal policy W€i+1)+(bé+1)' Thus,
when addressing belief node b; in (3.8), for each belief node bé 41 and its corresponding
simplification level s', these bounds are already available. Yet, we may still need to

adapt the simplification level as we further discuss in Section 3.1.2.

Further, as seen in (3.8), the immediate reward and the corresponding bounds ub
and 1b, in general, can be calculated with their own simplification level s. In particular,
when starting calculations, s could correspond to a default coarse simplification level,

e.g. coarsest level sg.

To define simplification level s7 of the bounds (3.8) we remind the reader that the
belief tree is a discrete approximation to the expectation taken w.r.t. future observations
zi,t € {k,k + L}. We account for some number n, of observations made in tree nodes
(e.g., in Fig. 3.1b, n, = 2)

S min{s, sl 2 gln= IS (3.9)

where {s!', s/, ...s': } represents the (generally different) simplification levels of belief
nodes b 41 considered in the expectation approximation in (3.8). We explain the reason

to define 7 as such in Section 3.1.2.

As mentioned earlier, we wish to decide which action a} € A is optimal from belief

node b;; the corresponding optimal policy would then be 77, = {af,w(*i +1) +}, where

*
Tir1)+

See illustration in Fig. 3.1b.

is the already-calculated optimal policy for belief node bé 41 that a} leads to.

Determining a} requires eliminating all other candidate actions a’ € A, which
involves comparing their corresponding bounds (3.8). Importantly, the bounds are

analytical, i.e. they are wvalid for all simplification levels.

As earlier, we can compare bounds for different candidate actions and if the bounds

do not overlap, perform pruning. For example, if for a},a? € A,
1 2
us® (bi>{az‘1a7T(*@'+1)+}) < LB (b, {a12>77(*i+1)+})a (3.10)

we can prune the a} branch. If the bounds are sufficiently tight and all branches but
2

one were pruned, then the remaining action, in this case a?, is announced as af, and s?

is announced as s*. Thus the above-mentioned optimal policy 7}, is constructed.

We now recall b; itself has an index in the belief tree, with respect to the previous level.

We denote it as bé, considering the father node of b; is b;_1, and the [th corresponding
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observation z At this point we get

shx s* * _k
UB*™*(bf) = UB” (b}, {a 77T(i+1)+})

slx 7l s* pl * K (3'11)
LB**(b;) = LB (b, {a", m(; 1)1 1)
As in (3.7), (3.11) leads to bounds over the objective function
LB (b < T (b}) <uUB* (B, (3.12)

where b} corresponds to the same notation as in (3.8), recursively. In general, pruning
as done in (3.10) will not always hold, and we need to adapt level of simplification. We

discuss in the next section how we do this, including re-use of calculations.

Adapting Simplification Level with Calculation Re-Use
For some belief node b; in the belief tree, consider the bounds UB* (b;, {az,ﬂ(l+1)+})
and LB (bi, {a Tit1) +}) from (3.8) for different actions ai € A, that partially overlap
and therefore could not be pruned. Each such action a] can generally have its own
simplification level s/. We now iteratively increase the simplification level by 1. This
can be done for each of the branches, if s7 is identical for all branches, or only for the
branch with the coarsest simplification level. Consider now any such branch whose
simplification level needs to be adapted from s’ to s/ 4+ 1. Recall, that at this point,
the mentioned bounds were already calculated, thus their ingredients, in terms of

ub(b;, bz,az) 1b(b3, bz,az) and {L{le*( bit1), EBSl*( i+1)}?z1, involved in approximating
the expectation in (3.8), are available. Recall also s/ £ min{s, s'1, 52, ...s!"=} from (3.9),

i.e. each element in {s,s", s,

.sln=} is either equal or larger than S] . We now discuss
both cases, starting from the latter.

As we assumed bounds to improve monotonically as simplification level increases,
l'> s7 + 1 we already have readily available bounds
{Z/IBSZ*(le),EBSZ*(biH)} which are tighter than those that would be obtained for

simplification level s/ + 1. Thus, we can safely skip the calculation of the latter and use

see Assump. 3.1.1, for any s

the existing bounds from level s as is.

I = §7 we now have to adapt the simplification level to
57 +1 by calculating the bounds {UB(SZH)*(biH), EB(SIH)*(biH)}. Here, our key insight

is that, instead of calculating these bounds from scratch, we can re-use calculations

For the former case, i.e. s

between different simplification levels, in this case, from level st. As the bounds from
that level are available, we can identify only the incremental part that is “missing” to
get from simplification level s! to s' + 1, and update analytically the existing bounds
{uBSl*(bi+1),EBSZ*(bi+1)} to recover {Z/{B(slﬂ)*(biﬂ),EB(SZ+1)*(bi+1)} exactly. The
same argument applies also for bounds over momentary rewards. In Section 3.1.4 we
apply this approach to a specific simplification and reward function.

We can repeat iteratively the above process of increasing the simplification level
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until we can prune all branches but one. This means each subtree will be solved
maximum once, per simplification level. Since we assumed the simplification converges
to the original problem for the finest level s,,, see Assump. 3.1.2, we are guaranteed to
eventually disqualify all sub-optimal branches. Moreover, due to the discussed-above
calculation re-use, in the worst case, adapting the simplification all the way up to the
finest level s, is roughly equivalent to solving the original problem. We address this
aspect explicitly in Section 3.1.4. For a detailed illustrative example w.r.t. Fig. 3.1b see
Sec. 6.2.

In the following sections, we present a specific simplification along with novel
derivations that show it holds the mentioned mathematical properties. Our described

approach is summarized in Alg. 3.1, 3.2.

3.1.3 Bounds

We now delve deeper to the novel bounds our chosen simplification suggests.

Belief Representation and Chosen Simplification

As mentioned, we use Particle Filter for belief update. This means the belief is

represented as a set of weighted particles,
b2 {z',w'hily, (3.13)

where N is a tune-able parameter specifying the desired number of particles.
Suggested Simplification: Given the belief representation (7.2), the simplified belief
is a subset of N® particles, sampled from the original belief, where N®* < N. More
formally:
b 2{(z",w') | i € Af, AF C{1,2,...,N},|Aj| =N;}, (3.14)

where A} is the set of particle indices comprising the simplified belief bj, for time £.
Increasing the level of simplification is done incrementally. Specifically, consider

|A®| = N® and to get to the next simplification level we add m particles with indices

j € B, |B| = m. Then the following holds: A°NB =, As*! = ASUB, N**! = N*4-m.

Bounding the Differential Entropy

We consider a common reward function, the differential entropy. As one of our key
contributions, in this section we derive novel analytical upper and lower bounds 1b and
ub considering this reward function, assuming a sampling-based belief representation
(7.2) and the corresponding simplified belief (3.14). These bounds can then be used

within our general simplification framework presented in Sections 3.1.1 and 3.1.2.
Under this setting approximating differential entropy of the belief is not an easy

task. To calculate H(b[zx]) = — [ blxk] - log (blxk]) dxy, one must have access to the

manifold representing the belief. Several approaches exist. One of them is using Kernel

20



Density Estimation as done, e.g., by Fischer and Tas [2020]. Here, we consider the
method proposed by Boers et al. [2010]:

H(br1) £ log

S Plaa | x;;mw;;] (3.15)

(a)

- Zwi—&-l -log [P(Zk—i-l | x?ﬂ-ﬁ—l) ZP(Z‘;H-I | 7., ak)wil )

i ]

(b)

where i indexes particles and their corresponding weight as in (7.2) and (3.14). One
can observe this method requires access to samples representing both by and by 1; thus,
this corresponds to an information-theoretic reward of the form (b, bi41). Utilizing
the chosen simplification (3.14) we can now upper and lower bound 3.15. We do so
below by bounding term (b) which is the source of complexity. First, as the models are

known, we define m £ max{P(zyy1 | 71, ar)}.

Theorem 1. Term (b) in (3.15) can be upper and lower bounded via simplification as

(b) > — Z Wiy - 1og [m - P(zpy1 | Ty )]

i€mAy,

- Z wli-s-l -log [P(zkﬂ | xi-ﬂ) ZP(JCZH | xi,ak)wi]

€AY, 3J

(b) < = wj -log {Z P21 | g1 )P(2hyy | xiva’k‘)wi]

JEA],

See proof in Sec. 6.1.

Finally, bounding (3.15) using Theorem 1 corresponds, in our general framework
from Sections 3.1.1 and 3.1.2, to (3.2).

3.1.4 Bounds Analysis
Convergence

We now analyze convergence of the simplification described in Section 3.1.3. Since
simplifying to the level of s, means the simplified belief is just the original belief, we get:
N* =N = b="0°= r(b%a) = r(b,a). Furthermore, it can be easily seen the upper
and lower bounds in Theorem 1 coincide and equal to term (b) from (3.15). Meaning,
under our chosen simplification, the bounds converge to the original rewards for the
non-simplified original belief. Where we consider as lower bounds term (a) from (3.15)
with lower bound to term (b), and similarly we build the upper bounds (using (a) and

upper bound to (b)).
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Complexity Analysis

The original formulation of Boers et al. [2010] suggests complexity of O(N?) where N is
as in (7.2). The derivations in Section 3.1.3 suggest complexity of O(N® - N), where N*
is the maximal number of particles needed for pruning, for some belief node. Altogether,

time saved for all belief nodes in the tree will result in the total speedup of our approach.

Re-use of Calculations

The unique structure of the simplification allows us to cache the calculation from a
previous simplification level. Specifically, moving from simplification level s to level
s+ 1, corresponds to adding some m additional particles to b° in order to get b5t!. For
the lower bound in Theorem 1 we can just cache the final result and augment the sums
with the calculations corresponding to the m missing particles. For the upper term in
Theorem 1, we need to cache the inner sums of the log, augment them with the missing
m particles calculations, and re-weight it using the outer sum weights. Note space
complexity remains the same since we are already caching the particles and weights
for each belief. This re-use of calculations results in time complexity, going up from
simplification level sg to level s, being the same order as solving the original problem in
the first place. Thus, making simplification is worthwhile always (up to some constant

overhead).

3.2 SITH-PFT incorporation of simplification into state
of the art MCTS planner

SITH-PFT (Alg. 3.3) follows the same algorithmic baseline as PFT. We adhere to the
conventional notations Sunberg and Kochenderfer [2018] and denote by Gpp(y,)(bao) a
generative model receiving as input the belief b, an action a and an observation o, and
producing the posterior belief b' and the mean reward over the state r*(b, a). For belief
update, we use a particle filter based on m belief samples. Instead of calculating the
immediate information-theoretic rewards and the corresponding @’ function estimates,
we calculate low-cost lower and upper bounds ¢, u over the information-theoretic rewards
and corresponding bounds £B, UB over the Q! function. These bounds are adaptive
and can be tightened on demand. We call the process of tightening “resimplification”. In
turn, these bounds induce bounds over UCB. As we discuss in detail next, an essential
aspect of our approach is using these bounds to achieve the exact same action-selection
as UCB without exactly calculating the ) function and UCB. To this end we present
a novel action-selection method (Alg. 3.4). Crucially, by tightening the bounds only
to a minimal needed extent (Alg. 3.5), we guarantee the same tree connectivity and
calculated optimal action compared to PET-DPW, but faster. We devote the subsequent
section to the bounds and explain how they pertain to SITH-PFT.
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3.2.1 Information theoretic bounds

In the setting of continuous state space and nonparametric belief represented by m
weighted particles b = {w?, 2/}, the estimation of differential entropy is not a simple
task. Typically, such estimators’ complexity is squared in the number of particles Fischer
and Tas [2020], Boers et al. [2010]. We use Boers et al. [2010] as a reward function
and utilize the bounds over it, developed by Sztyglic and Indelman [2021]. The bounds
can be tightened on demand incrementally without an overhead. Namely, after a few
bounds-tightening iterations they are just the reward itself and the entire calculation
is time-equivalent to calculating the original reward. We define the bounds over the

minus differential entropy estimator for by as (see the appendix for the full terms)

C(br, @, 215 b Ay, Ajy 1) < —H(bky gy 2t 1, bier) Sw(bry @k, 21, bies1s Agy Afy ),
(3.16)
where s is the discrete level of simplification s € {1,2,...,M}. Higher levels of
simplification correspond to tighter, and lower levels of simplification correspond to
looser bounds. Aj, Aj,, are the simplification level corresponding sets of indices.
Specifically, by, by11 are each represented as a set of m weighted particles. We keep
track over the indices of particles that were chosen for the bounds calculation. Namely,
As C{1,2,...,m} and |A%| = m®. Each subsequent level (low to high) defines a larger
set of indices. Sometimes the bounds are not close enough to select the same action as
UCB. In this case, our modified action selection routine triggers the resimplification
process. When resemplification is carried out, new indices are drawn from the sets
{1,2,...,m}\ Af and {1,2,...,m} \ A}, respectively, and added to the sets A} and
Aj ;- This operation promotes the simplification level to s + 1 and defines AZH and
AZj'_ll Importantly, increasing simplification level is done incrementally (as introduced
by Sztyglic and Indelman [2021]). Thus, when we refine the bounds ¢, u (Alg. 3.5 lines
3,12,18), from simplification level s = 1 all the way to s = M (worst case scenario)
the time complexity is equivalent to calculation of 3':[() When s = M | it holds that
0(-) = =H(-) = u(-). Importantly, by caching the shared calculations of the two bounds,
we never repeat the calculation of these values and obtain maximal speedup. The
immediate bounds (3.16) induce bounds over @Q!(-). In MCTS, the @ approximation
is a mean over simulations. Each simulation yields a sum of discounted cumulative
rewards. Therefore, if we replace the reward —#(-) with the bounds from (3.16) we
will get corresponding discounted cumulative upper and lower bounds. Averaging the

simulations, in the same manner (Alg. 3.3 lines 29-30), yields
LB() <Q(-) <UB(:). (3.17)
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3.2.2 UCB bounds

Since the MCTS tree is built upon (2.8), using (2.7) and (3.17) we denote UCB upper

and lower bounds as

log(N(h))

UCB(ha) = Q*(ha) + ALB(ha) + ¢ - N(ha) (3.18)
TCB(ha) 2 Q% (ha) + \UB(ha) + ¢ - w (3.19)

3.2.3 Guaranteed belief tree consistency

In this section, we define the Tree Consistency and explain and prove the equivalence of
our algorithm to PFT-DPW.

Definition 1 (Tree consistent algorithms). Consider two algorithms, constructing a be-
lief tree. Assume every common sampling operation for the two algorithms uses the
same seed. The two algorithms are tree consistent if two belief trees constructed by the

algorithms are identical in terms of actions, observations, and visitation counts.

Our approach leans on a specific action selection procedure inside the tree, which
differs from the PFT. At every belief node we mark as a candidate action the one that

maximizes the lower bound UCB as such

a = argmax UCB(ha). (3.20)
acA

If Va # a, UCB(ha) > UCB(ha), there is no overlap (Fig. 3.2 (c)) and we can announce
a is identical to af, i.e., the action that would be returned by PFT using (2.8) and
the tree consistency was not compromised. Else, the bounds need to be tightened, so
we may guarantee the tree consistency. We examine the ha siblings of ha, fulfilling
a # a: UCB(ha) < UCB(ha) (Fig. 3.2 (a)). Our next step is to tighten the bounds
via resimplification (Fig. 3.2 (b)) until there is no overlap. When some sibling nodes
have overlapping bounds, we strive to avoid tightening all of them at once since fewer
resimplifications lead to a greater speedup. Thus, among them we pick a single ha node
that induces the biggest “gap”, denoted by g, between its bounds (see Alg. 3.4 lines
20-28), where

g(ha) £ UB(ha) — LB(ha). (3.21)

Further, we tighten the bounds down the branch of the chosen node (see Alg. 3.4 lines
7-9) for every member of C(ha), the set of children of ha. Since the bounds converge
to the actual information reward we can guarantee the algorithm will pick a single

action after a finite number of “bounds-tightening” iterations (resimplification); thus,
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Figure 3.2: Illustration of our approach. The circles denote the belief nodes, and the rectangles
represent the belief-action nodes. Rollouts, emanating from each belief node, are indicated by dashed
lines finalized with triangles. (a) The simulation starts from the root of the tree, but at node b3 it can
not continue due to an overlap of the child nodes (colored red) bounds. (b) One of the red colored
belief-action nodes is chosen, and resimplification is triggered from it down the tree to the leaves (shaded
green area in the tree). The beliefs and rollouts inside the green area (colored by light brown) undergo
resimplification if decided so. This procedure results in tighter bounds. (c¢) After the bounds got tighter,
nothing prevents the SITH-PFT from continuing down from node b3 guaranteeing the Tree Consistency.
If needed, additional resimplification can be commenced.

tree consistency is assured. In the following section, we delve into the resimplification

procedure.

3.2.4 Resimplification

In this section, we explain how resimplification is done. The algorithmic scheme is
formulated in a general manner. However, it is guided by a specific strategy meant to
minimize the number of times we tighten the bounds (as mentioned in Sec. 3.2.3). We
denote this strategy as Resimplification Strategy. We assume this strategy satisfies two

conditions to guarantee tree consistency.

Convergence 3.2.1. When using a converging strategy, each call to resimplify on the
children of ha, tightens the UCB(ha), UCB(ha) bounds (unless they are already equal).

Finite-time 3.2.2. When using a finite-time strategy, after a finite number of calls to
resimplify on the children of ha, it holds UCB(ha) = UCB(ha) = UCB(ha).

Resimplification algorithmic scheme

Consider a belief-action node ha at level d with LB(ha),UB(ha). Assume the algorithm
chooses it for bounds tightening, as described in Sec. 3.2.3 and Alg. 3.4 line 3. All
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tree nodes that ha is an ancestor to them, contribute their immediate ¢, 4 bounds
to LB(ha),UB(ha) calculation. Thus, to tighten £B(ha),UB(ha), we can potentially
choose any candidate nodes in the subtree of ha. Every child belief node of ha is
sent to the resimplification routine (Alg. 3.4 lines 7-9), which performs four tasks.
Firstly, it chooses the action (Alg. 3.5 line 7) that will participate in the subsequent
resimplification call and sends all its children beliefs nodes to the recursive call down the
tree (Alg. 3.5 line 8-10). Secondly, it refines the belief node ¢, u according to the specific
resimplification strategy (Alg. 3.5 lines 3,12,18). Thirdly, it reconstructs LB(ha), UB(ha)
once all the children belief nodes of ha have returned from the resimplification routine
(Alg. 3.5 line 11). Fourthly, it engages the rollout resimplification routine according
to the specific resimplification strategy (Alg. 3.5 lines 4, 13). Upon completion of this
resimplification call initiated at ha, we get tighter immediate bounds of some of ha
descendant belief nodes (including rollouts nodes). Accordingly, all of ha descendant
belief-action nodes bounds (LB,UB) were updated.

Specific resimplification strategy

Specifically, we decide to refine £/, u’ of a belief node i’ with depth d’ if
d—d' ;1 gy L
70 (W =) > 2g(ha), (3.22)

where g(ha) corresponds to the gap (3.21) of the belief-action node ha that initially
triggered resimplification in Alg. 3.4 line 24. The explanation to (3.22) resimplification
strategy is rather simple. The right hand side of (3.22) is the mean gap per depth/level
in the sub-tree with ha as its root and spreading downwards to the leaves. Naturally,
some of the nodes in this subtree have u — £ above the mean gap, and some under. We
wish to locate and refine all the ones above. For the left-hand side of (3.22); the rewards
are accumulated and discounted according to their depth. Thus, when comparing ha
node with depth d to belief node A’ with depth d’, we must account for the relative
proper discount factor. Note the depth identified with the root is diyax as seen in Alg. 3.3
line 4, and the leafs are distinguished by depth d = 0. For each rollout originating from
the tree belief node, we find the rollout node with the biggest u — ¢ fulfilling (3.22)
term locally in the rollout and resimplify it (Alg. 3.5 lines 4,13). To choose the action
to continue resimplification down the tree, we take the action corresponding to the
belief-action node with the largest gap weighted by its visitation count (Alg. 3.5 line 7).
With this strategy, we aim to leave the belief tree at the lowest possible simplification

levels whilst still guarantee tree consistency.

Reconstructing the bounds

If the action selection procedure triggered a resimplification, it modified the bounds

through the tree. Since the resimplification works recursively, it reconstructs the belief-
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action node bounds coming back from the recursion (Alg. 3.5 line 11). Similarly, the
action dismissing procedure reconstructs £, and UB of the belief-action node at which
the action dismissing is performed (Alg. 3.4 line 10). Moreover, on the way back from
the simulation, we shall update the ancestral belief-action nodes of the tree. Specifically,
we are required to reconstruct each £B and UB higher than the deepest starting point
of the resimplification (Alg. 3.3 line 23-25). Reconstruction is essentially a double loop.
To reconstruct UB(ha), LB(ha) we first query for all belief children nodes hao. We
then query all belief-action nodes that are children to the hao, i.e., haoa’. The possibly
modified immediate bounds ¢ and u are taken from hao nodes and the UB(-), LB(-)
bounds are taken from the haoa’ nodes. Importantly, each of the bounds is weighted

according to the proper visitation count.

3.2.5 Guarantees

Assuming a converging and finite-time resimplification strategy, the following theorems

are satisfied:

Theorem 2. The SITH-PFT and PFT are Tree Consistent Algorithms.

Theorem 8. The SITH-PFT provides the same solution as PFT.

Theorem 4. The specific resimplification strategy from Sec. 3.2.4 is a converging and

finite-time resimplification strategy.

See full proofs of the theorems and time complexity analysis using the specific bounds

in the appendix. Note other resimplification strategies are possible, see the appendix.
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3.2.6 Algorithms

Algorithm 3.3 SITH-PFT

: procedure PLAN(belief: b)
h+ 0
foriel:ndo
SIMULATE(b, dmax, h)

return ACTION SELECTION(b, h) > called with nullified exploration constant c

: end procedure

: procedure SIMULATE (belief: b, depth: d, history: h)

1
2
3
4
5: end for
6
7
8
9

if d=0 then
10: return (0
11: end if
12: a < ACTION SELECTION(b, h)
13: if |C'(ha)| < koN(ha)® then
14: 0 < sample z from b, generate o from (x,a)
15: V7% <= Gpp(m) (bao)
16: Calculate initial u/, ¢’ for b’ based on s < 1
17: C(ha) + C(ha) U{(r®, ¢, u', b, 0)}
18: R, L,U < r* ¢« 4+~ RoLLouT(V, hao, d — 1)
19: else
20: (r®, 0, u' b, 0) < sample uniformly from C(ha)
21: R,L,U < r* 0 v 4+~ SIMULATE(V, hao, d — 1)
22: end if
23: if deepest resimplification depth < d then > accounting for updated deeper in
the tree bounds. See section 3.2.4
24: reconstruct LB(ha),UB(ha)
25: end if

26: N(h) < N(h)+1

7. N(ha) < N(ha)+1

28 Q(ha) & Q7 (ha) + "5 0
2. LB(ha) < LB(ha) + L5504
30:  UB(ha) + UB(ha) + LHB04
31: return R, L, U

32: end procedure
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Algorithm 3.4 Action Selection

1: procedure ACTION SELECTION(b, h)
2 while true do

3 Status, a <— SELECT BEST(b, h)
4 if Status then

5: break

6 else

7 for all ¥/, 0 € C(ha) do

8 RESIMPLIFY (b, hao)

9: end for

10: reconstruct LB(ha),UB(ha)
11: end if

12: end while

13: return a

14: end procedure

15: procedure SELECT BEST(b, h)

16: Status < true

17: a < argmax{UCB(ha)}

18: gap <« Oa

19: child-to-resimplify < &

20: for all ha children of b do

21: if UCB(ha) < UCB(ha) Aa # @ then
22: Status « false

23: if UB(ha) — LB(ha) > gap then
24: gap < UB(ha) — LB(ha)

25: child-to-resimplify < a

26: end if

27: end if

28: end for

29: return Status, child-to-resimplify

30: end procedure
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Algorithm 3.5 Resimplification

procedure RESIMPLIFY (b, h)
if bis a leaf then
REFINE(g,,) ()

return
end if
a + argmax{N(ha) - (UB(ha) — LB(ha))}
8: for all bl}7 o € C(ha) do
9: RESIMPLIFY (b, hao)
10: end for
11: reconstruct LB(ha),UB(ha)

1:
2
3
4: REsIMPLIFY RoLLouT(b, h)
5
6
7

12: REFINE(,,} ()
13: REsIMPLIFY RoLLOUT(b, h)
14: return

15: end procedure

16: procedure RESIMPLIFY ROLLOUT(b, h)

17: protlout o find weakest link in rollout

18:  REFINE[, (b™o")

19: end procedure

20: procedure REFINE( (D)

21: if (3.22) holds for b, refine its ¢, u and promote its simplification level

22: end procedure
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Chapter 4

Experiments and Results

4.1 SITH-BSP Evaluation

We consider an autonomous navigation to goal scenario with continuous state and
observation spaces. First, we experiment with a passive case, i.e. a given policy, to
demonstrate our novel entropy bounds behavior. Second, we show how the bounds can
use us to speed up POMDP planning as explained in Section 3.1. All experiments were
conducted on a laptop with Intel i7-9850H CPU 2.59GHz with 16 GB RAM.

4.1.1 Experimental Setting - 2D Continuous Light-Dark

We consider a 2D continuous Light-Dark problem. The robot starts at some unknown
point zog € R2. In this world, there are spatially scattered beacons with known locations.
Near the beacons, the attained observations are less ‘noisy’. The goal is to get to the
goal 2! € R? (upper right corner of the world). Initial belief is b[xg] = N (0, I - 00),
motion and observation models are T'=P(z' | z,a) = N(z +a,I -o7), O =P(z | z) =
N(z — 2T - 00 - max{r, 7min}) respectively, where r is the robot’s distance to the

b, and 7,,;, is a tune-able parameter. For

nearest beacon whose known location is =
all experiments, the belief is approximated by a set of N weighted samples as in (7.2).
This setting implies the belief at each time step is Gaussian and can be inferred exactly
using Kalman Filter (KF). Thus, the differential entropy has a closed-form and can
be calculated across the simulation. Note we consider this Gaussian case only as a

reference point and our approach is applicable to any distribution.

4.1.2 Differential Entropy Approximations

To verify our novel bounds behavior we consider a passive scenario over the setting
described in 4.1.1. The robot moves diagonally to the goal (Fig. 4.1a). Along the
way, it passes close by two beacons. Consequentially, the robot’s uncertainty decreases.
In Fig 4.2a we plot the bounds along with the original approximation (3.15), a KDE
approximation (as done by Fischer and Tas [2020]), the actual differential entropy and
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Figure 4.1: (a) Localization with a predefined policy in an environment represented by known
landmarks. Particles are colored according to weight (high-red, small-yellow). Blue ellipses correspond
to estimated uncertainty covariance by a KF. (b) Planning simulation, setting II. At each time step the
robot is planning L step into the future and then executes the first action from the calculated optimal
policy. The plot shows belief evolution in terms of particles sets along the actual trajectory taken by
the robot.

naive approximation using discrete entropy of the particles weights: h(b) = — >, w' -
logw'. We experiment with a changing number of particles and it is clear the bounds

converge to the original reward (differential entropy approximation) (3.15).

4.1.3 Planning in 2D environment

We demonstrate the simplification speedup when planning in a continuous 2D scenario.
The setting is as in Section 4.1.1. However, now the robot is given the ability to plan
a parametric number of L steps into the future. After the planning session is done,
the robot executes the first action out of the calculated optimal policy, acquires a new
observation, updates the belief, and performs planning again (and so on). The reward
function is —r(b,a) = mIEb{Hm — zt||;} 4+ H(b), where the first term is the expected

distance to goal, and ﬁ(bk) is the approximation of the differential entropy (3.15).

We apply our approach considering different tree structures. Specifically, we evaluate
our approach on a POMCP-like tree (deep and sparse) Silver and Veness [2010], DESPOT-
like sparse tree (Ye et al. [2017]), and on a shallow and ‘thick’ tree like the one generated
by Lim et al. [2020a]. We provide a full explanation of how these trees are built in the
caption of Table 4.1. The reported results in Table 4.1 are the mean planning time (in
seconds) of our approach, compared to calculating the objective using original rewards.
We experiment with a changing number of particles and planning horizon.

We consider two settings: ‘I’ and ‘II’. Setting ‘ID’, illustrated in Fig. 4.1b, is more
complex as the robot needs to move from the bottom left corner to the top right and
the action space is {left, right, up, down}. Setting ‘I’ is easier: The robot needs to move
from an initial point xg to the same height point xr, which means the optimal path is
just a straight line, while the action space is {left, right}. This easy setting allows the
robot to utilize simplification to its full extent. Empty cells in Table 4.1 correspond
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Table 4.1: Mean time per planning session. Each table entry is (original objective time/simplified
approach time). Results are in Seconds. The second row indicates the number of particles used.
DESPOT-like belief tree Ye et al. [2017] was built by expanding all actions in every level of the tree but
only making a single observation in each level, i.e. n, = 1. POWSS-like tree Lim et al. [2020a] was built
by expending each belief node for all actions, and generating an observation for each particle of the
belief, i.e. number of observations when branching is as the number of particles. POMCP-like tree Silver
and Veness [2010] was built using five ‘rollout’s starting from the root of the tree. In each rollout down
the tree, we randomly choose if to expand a new node by taking an action that was not taken previously
from that node or to go down the tree using nodes that were already expanded from previous rollouts.

Simulation Horizon Ye et al. [2017] Tree

20 50 100
1 0.124/0.043  0.741/0.192 2.892/0.667
Setting 1 2 0.364/0.129  2.196/0.584 8.616/2.042
3 0.853/0.339  5.059/1.324 19.899/4.658
1 0.245/0.099  1513/0.4 5.855,/2.018
. 2 1.209/0.738  7.195/3.821 30.638/13.49
Setting I1 3 5.027/3.212 31.515/18.288 -
Simulation Horizon Lim et al. [2020a] Tree
10 20 30
1 0.554/0.287  4.065/1.437 12.908/3.953
Setting I 2 11.02/5.386 - -
3 . . -
1 1.112/0.953 8.501/5.143 26.375/11.977
Setting 1T ?,) ] ] ]

Simulation Horizon

Silver and Veness [2010] Tree

20 50 100
5 1.13/0.776  6.625/2.008  28.19/7.232
Setting I 10 2.648/2.555 15.342/8.214 .
15 42/3.677  26.205/20.174 ;
5 1.383/0.733 8.417/3.864  33.244/10.97
. 10 2.985/2.112  17.293/6.092 -
Setting I 15 4.53//3.701 27.712//11.385 _
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Figure 4.2: (a) Differential entropy approximations and bounds. Calculations were done using N = 200
particles. From left to right: Simplification is N° = {0.1,0.5,0.9} - N. (b) and (c) show simplification
level histograms vs. tree depth for entire simulation (10 planning sessions). (b) Setting I using N = 50
and Horizon of 4. (c) Setting IT using N = 20 and Horizon of 3. x-axis corresponds to tree nodes of some
depth in the belief tree. y-axis corresponds to the simplification level needed to achieve pruning. The
scale of the circles corresponds to how many nodes were in that category. Circle scales are normalized
since the number of nodes grows exponentially going down the tree.

to runs that planning session (for a regular objective) took longer than 35 [sec] and
was stopped. Initial simplification level was set to sg = 0.1, i.e., N** = 0.1 - N and
specifically the levels are s; € {0.1,0.2,0.4,0.8,1.0}.

It is clear from Table 4.1, using our suggested simplification is a favorable approach,
leading to speedup in all of the conducted experiments. Since the simplification bounds
are analytical and used for eliminating branches in the belief tree of the original problem,
the same optimal action is obtained with or without our simplification. In other words,

we demonstrate a significant speedup while obtaining the same solution.

In Fig. 4.2 we can get a glimpse into how our adaptive simplification performing
in the tree depth for Settings I and II. The shown plots are histograms that tell us
what are the levels of simplification in the tree needed for pruning. It can be seen that
indeed for Setting I the simplification is performing extremely well thus saving a lot
of time 4.2b. In the more difficult Setting II, indeed higher simplification levels are
more common 4.2c. Nevertheless, as seen in Table 4.1, we still get a significant speedup,
while the speedup for Setting I is even more drastic. This implies our simplification can
identify by itself situations where we can save resources (computation time) and all this

without compromising on the accuracy of the desired solution.
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(a) SITH-PFT (b) PET-DPW (c) IPFT

Figure 4.3: 2D Continuous Light Dark. The agent starts from an initial unknown location and is given
an initial belief. The goal is to get to location (0,0) (circled in red) and execute the terminal action.
Near the beacon (white light) the observations are less noisy. We consider multi-objective function,
accounting for the distance to the goal and the differential entropy approximation (with the minus sign
for reward notation). Executing the terminal action inside the red circle gives the agent a large positive
reward but executing it outside it, will yield a large negative reward.

4.2 SITH-PFT Evaluation

In the continuous setting with information-theoretic rewards, many common POMDP
benchmarks (e.g., rock sampling, laser tag) are inadequate. We turn to the challenging
Continuous Light Dark Problem with a few modifications. We extend it to a 2D domain
and place a single “light beacon” in the continuous world. The agent’s goal is to get
to location (0,0) and execute the terminal action - Null. Executing it within a small
radius from (0,0) will give the agent a reward of 200, and executing it outside the
radius will yield a negative reward of -200. The agent can move in eight evenly spread
directions A = {—, A, 1,N, <", 4 N\, Null}. The multi-objective reward function is
r(b,a,z,b) = —x%/{Hng} — M (b, a,z, V). Motion, observation, and initial belief are
Pr(-|z,a) = N(z + a,27), Pz(z|x) = N(z,min{1.0, || 2 — 2 |3} - o), bo = N (20, o)
respectively. ¥ is the 2D location of the beacon and all covariance matrices are diagonal
(i.e. ¥ = I-0?). Implementation is built upon the JuliaPOMDP package collection
Egorov et al. [2017]. The code will become available upon acceptance of Sztyglic et al.
[2021]. Extensive experiments confirm the advantage of our approach. We experiment
with ten different configurations (rows of Table 4.2) that differ in m (number of particles),
d (simulation depth), and #iter (number of simulation iterations per planning session).
Each scenario comprises 10 planning sessions i.e. the agent performs up to 10 planning-
action executing iterations. We repeat each of the experiments 25 times. In all different
configurations, we obtained significant speedup while achieving the exact same solution
compared to PFT. Results are summed up in Table 4.2. An illustration can be found in
Fig. 4.3. Note that SITH-PFT 4.3a yields identical to PFT solution 4.3b while IPFT
demonstrates severely degraded behavior. We remind the purpose of our work is to
speed up the PFT approach when coupled with information-theoretic reward. Hence,
since the two algorithms produce identical belief trees and action at the end of each
planning session, there is no point reporting the algorithms identical performances
(apart from planning time). For our simulations, we used an 8 cores Intel(R) Xeon(R)
CPU E5-1620 v4 with 128 GB of RAM working at 3.50GHz.
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Table 4.2: Runtimes of SITH-PFT versus PFT-DPW. The rows are different configurations of the
number of belief particles m, maximal tree depth d, and the number of iterations per planning session.
Reported values are averaged over 25 simulations 10 planning sessions each, and presented with the
standard errors. In all simulations SITH-PFT and PFT-DPW declared identical actions as optimal and
exhibited identical belief trees in terms of connectivity and visitation counts.

(m, d, #iter.)  Algorithm planning time [sec]
(50, 30, 200) EFTT}}%?%I 23..95645 09'449
o RIS
o DN
o DN L
o S S
o LY L
s SEEIY 2
(400, 50, 500) LT DEW T0LSE DAY
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(600, 50, 500) ngTﬁ%PFV%[ 19210245728f 11116?6186
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Chapter 5

Conclusions and Future Work

5.1 Conclusion

In this research we have introduced SITH-BSP, an algorithmic paradigm able to speedup
calculations when performing online POMDP planning, considering general distributions
and belief-dependent rewards. The lion share of our approach, definition of simplification
over sparse sampling planning, is mathematically formulated in a general manner. It
can be easily extended to many directions and as we showed applicable for existing or
future approaches. The more specific aspects of our approach (assuming Particle Filter
for belief approximation) provides novel derivations for bounds over the differential
entropy approximation and may be taken to other areas in the vast field of robotics.
We have shown how the approach assumes an adaptive form, while re-using calculations
and thus gives the exact optimal solution to the original problem in an effective manner.

Further, we presented a novel method to accelerate information-theoretic reward
planning using state of the art MCTS planner. Our approach is applicable with any
converging to the reward bounds. We provide thorough proofs that our method is
entirely equivalent to PFT-DPW, yielding the same solution and belief tree in each
planning step. Our experiments demonstrate that the technique is paramount in terms of
computation time compared to PFT-DPW. In the worst-case scenario, the computation
time is approaching the baseline. The limitation of our algorithm is that it leans on
converging bounds, which are not trivial to derive and specific for a particular reward

function. In addition, it requires slightly more caching than the baseline.

5.2 Future work

Many possible extensions can be envisioned. The algorithmic baseline already exists,
thus, deriving new converging to the reward bounds can provide a new algorithm by
simply plugin them into our existing mechanism. Note this is true for both SITH-
BSP and SITH-PFT. Importantly, these bounds don’t have to be over information

theoretic rewards function. Complex and ‘expensive’ reward functions can be envisioned.
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Additionally, the existing bounds can be extended further to additional POMDP
celebrated planners such as DESPOT-«. Finally, the math used in the development of
the bounds can be modified into a linear approximation. While it is not tight enough
for our proposed algorithm it can be thought of as a heuristic tool to guide the tree
expansion in MCTS like methods.
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Chapter 6

Appendix 1 SITH-BSP

6.1 Proof for Theorem 1

— > wj -log [P(zkﬂ | Zh1) D P(ahyy |$i,ak)wi] —
J j

— D Wiy log {P(zlﬁl | k1) D P(2hi | wi;,ak)wi] -
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6.2 Adaptive Simplification Illustrative Example

Consider Fig. 3.1b and assume the subtrees to b} were solved using simplification levels
that hold s = s' +1, 5% < s3, s*. Further assume the immediate reward simplification is

s = s'. According to definitions above this means that for b}, s7=1 = min{s', s'=1, s/=2}

1
=3 sl:4}. Now, we consider the case the existing bounds of the

and s/=2 = min{s!, s
subtrees were not tight enough to prune, we adapt simplification level of the tree starting
from b} : st — s' + 1. Since s' < s! + 1 we re-simplify the subtree corresponding to
simplification level of s' to simplification level s' + 1, i.e. to a finer simplification.
However we do not need to re-simplify subtrees corresponding to s2, s3, s*: The tree
corresponding to s? is already simplified to the currently desired level thus we can use
its existing bounds. For the two other trees, their current simplification levels, s® and
s*, are higher (finer) than the desired s' + 1 level, and since the bounds are tighter
as simplification level increases we can use their existing tighter bounds without the
need to ’go-back’ to a coarser level of simplification. If we can now prune one of the
actions, we keep pruning up the tree. If pruning is still not possible, we need to adapt

simplification again with simplification level s 4 2.
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6.3 Additional Entropy Results
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Chapter 7

Appendix 2 SITH-PFT

7.1 Information theoretic bounds

+ Z wj,q - log {const -Pz(zk+1|xf€+1)}
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where const = max Pr(z'|z, a).
x

7.1.1 Proofs
Assumptions

For the following proofs (Secs. 7.1.1 and 7.1.1) assume we are using a converging and

finite-time resimplification strategy that satisfies Assumptions 3.2.1,3.2.2.

Proof for Theorem 2

Proof. We provide proof by induction on the belief trees structure.

Base: Consider an initial given belief node by. No actions were taken and no observations
were made. Thus, both PFT tree and SITH-PFT trees contain a single identical belief
node and the claim holds.

Induction hypothesis: Assume we are given two identical trees with n nodes, generated
by PFT and a SITH-PFT. The trees uphold the terms of Definition 1.

Induction step: Assume by contradiction that in the next simulation (expanding the

belief tree by one belief node by definition) different nodes were added to the trees.
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Thus, we got different trees.

Two different scenarios are possible:

Case 1. The same action-observation sequence ag, z1, @1, 22...G,;, Was chosen in both

trees, but different nodes were added.

Case 2. Different action-observation sequences were chosen for both trees and thus, we

got different trees structure.

Case 1 is not possible. Since the Induction hypothesis holds, the last action a,, was
taken from the same node denoted h’' shared and identical to both trees. Next the same
observation model is sampled for a new observation and a new belief node is added
with a rollout emanating from it. The new belief nodes and the rollout are identical
for both trees since both algorithms use the same randomization seed and the same

observation and motion models.

Case 2 must be true since we showed Case 1 is false. There are two possible

scenarios such that different action-observation sequences were chosen:

Case 2.1. At some point of the actions-observations sequence, different observations

zi, z; were chosen.

Case 2.2. At some point of the actions-observations sequence, PFT chose action af
while SITH-PFT chose a different action, @, or even got stuck without picking any

action.

Case 2.1 is not possible since if new observations were made, they are the same
one by reasons contradicting Case 1 . If we draw existing observations (choose some
observation branch down the tree) the same observations are drawn since they are
drawn with the same random seed and from the same observations “pool”. It is the

same “pool” since the Induction hypothesis holds.

Case 2.2 must be true since we showed Case 2.1 is false, i.e., when both algo-
rithms are at the identical node denoted as h PFT chooses action af, while SITH-PFT
chooses a different action, a, or even got stuck without picking any action. Specifically,
PFT chooses action af = argmax UCB and SITH-PFT’s candidate action is
a = argmax UCB(ha). ‘
acA

Two different scenarios are possible:

Case 2.2.1. the UCB, UCB bounds over ha were tight enough and @ was chosen such
that at # a.

Case 2.2.2. SITH-PFT is stuck in an infinite loop. It can happen if the UCB, UCB

bounds over ha, and at least one of its sibling nodes ha, are not tight enough. However,
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all of the tree nodes are at the maximal simplification level. Hence, resimplification is

triggered over and over without it changing anything.

Case 2.2.1 is not possible since the bounds are analytical (always true) and converge
to the actual reward (UCB = UCB = UCB) for the maximal simplification level.

Case 2.2.2 is not possible. If the bounds are not close enough to make a deci-
sion, resimplification is triggered. Each time some ha node - sibling to hda and maybe
even ha itself is chosen in Select Best to over-go resimplification. According to
Assumption. 3.2.1 and Assumption. 3.2.2, after some finite number of iterations for all
of the sibling ha nodes (including ha) it holds UCB(ha) = UCB(ha) = UCB(ha) and
some action can be picked. If different actions have identical values we choose one by

the same rule UCB picks actions with identical values (e.g. lower index/random).

Now, since Case 2.2.2 is false, after some finite number of resimplification iter-
ations, SITH-PFT will stop with bounds sufficient enough to make a decision. And
since Case 2.2.1 is false it holds that a' = @. Thus we get a contradiction and the proof

is complete. O

Proof for Theorem 3:

Proof. Since the same tree is built according to Theorem 2, the only modification
now is the final criteria at the end of the planning session at the root of the tree:
a* = argmax @Q(ha). Note we can set the exploration constant of UCB to ¢ = 0 and we
get that 6CB is just the @ function. Thus if the bounds are not tight enough at the root
to decide on an action, resimplification will be repeatedly called until SITH-PFT can
make a decision. The action will be identical to the one chosen by UCB at PFT from
similar arguments mentioned in the proof of Theorem 2, 7.1.1. Note that additional
final criteria for action selection could be introduced, but it would not matter since
tree consistency is kept according to Theorem 2 and the bounds converge to the actual

immediate rewards and () estimations. ]

Proof for Theorem 4

We now prove the resimplification strategy described in section 3.2.4 is converging and

finite-time resimplification strategy.

Proof: Converging resimplification strategy. Consider the condition for refinement of
the bounds (3.22). Since 2g(ha) is the mean gap over all the nodes that are the
descendants to ha, some of the nodes are above this mean gap, and some are under
(accounting for the discount factor). We refine all the ones that are above. Further,
for each descendant rollout, we refine one rollout node that is above the mean gap. If

each time we refine all descendants belief nodes that are above the mean gap and one
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rollout node per descendant rollout (if it satisfies (3.22)), after one iteration the mean
gap must decrease since there exists a node above the mean gap that got tighter. If
there is no such node above the mean gap that means all the values u’ — ¢ are the same
throughout the sub-tree and those values must be zero since the immediate bounds
converge. Thus, the mean gap (and consequentially so does UCB(ha) — UCB(ha)) is

getting smaller in each iteration unless it is already zero. O

Proof: Finite-time resimplification strategy. Similar to previous proof, in each iteration
there exists a node above the mean gap that is chosen for refinement. There are no
nodes above the gap only if throughout the sub-tree all the values u’' — ¢ are zero. This
happens after a finite number of iterations since there is a finite number of nodes and
a finite number of simplification levels. Since the bounds converge, at the maximal
simplification level it holds ' = ¢’ = v’ — ¢’ = 0. Thus, after all nodes in the sub-tree
got to the maximal simplification level it holds é g(ha) = 0 and consequentially so does
UCB(ha) — UCB(ha) = 0 = UCB(ha) = UCB = UCB(ha)). O

Time complexity analysis

We turn to analyze the time complexity of our method using the chosen bounds (7.1).
We assume the significant bottleneck is querying the motion and observation models
Pr(2'|x,a),Pz(z|z) respectively. Assume the belief is approximated by a set of m

weighted particles,
b= {z',w'}m,. (7.2)

Consider the Boers et al. [2010] differential entropy approximation for belief at time
k+1,

H (b, g, 2s1, by 1) = log lz Pz (zk11|h 1) wi | + (7.3)

(2

a

> why - log []P’Z(Zk+1|$7§+1) > Pr(@h |7, ak>w€;] (7.4)
( J

b

Denote the time complexity to query the observation and motion models a single time
as tobs, tmot Tespectively. It is clear from (7.2), (7.3) (term a) and, (7.4) (term b) that:

Vb as in (7.2) O(H(b)) = O(m - tops + m? - timer). (7.5)
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Since we share calculation between the bounds, the bounds’ time complexity, for some

level of simplification s, based on Sztyglic and Indelman [2021], is:
O +u’) =0O(m - tops +m® - m - timor), (7.6)

where m?® is the size of the particles subset that is currently used for the bounds
calculations, e.g. m* = |A®| (A® is as in (7.1)) and ¢°, u® denotes the immediate upper
and lower bound using simplification level s. Further, we remind the simplification

levels are discrete, finite, and satisfy
se{1,2,...,M}, =M =7 =u=M, (7.7)

Now, assume we wish to tighten £°, u® and move from simplification level s to s + 1.
Since the bounds are updated incrementally (as introduced by Sztyglic and Indelman
[2021]), when moving from simplification level s to s+ 1 the only additional data we are
missing are the new values of the observation and motion models for the newly added
particles. Thus, we get that the time complexity of moving from one simplification level

to another is:
O +uf — T ™) = 0((m* ™ —m®) - m - tya), (7.8)

where ©(£° 4+ u® — £5T1 + u*t1) denotes the time complexity of updating the bounds
from one simplification level to the following one. Note the first term from (7.6), m - tops,
is not present in (7.8). This term has nothing to do with simplification level s and it
is calculated linearly over all particles m. Thus, it is calculated once at the beginning
(initial/lowest simplification level).

We can now deduce using (7.6) and (7.8)

O + ) = O +uf) + O(€° +u® — T +u), (7.9)

Finally, using (7.5), (7.6), (7.7), (7.8), and (7.9), we come to the conclusion that if at
the end of a planning session, a node’s b simplification level was 1 < s < M than the

time complexity saved for that node is
O((m —m®) - m - tmot). (7.10)

This makes perfect sense since if we had to resimplify all the way to the maximal level
we get s = M = m*=M
all.

To conclude, the total speedup of the algorithm is dependent on how many belief

= m and by substituting m* = m in (7.10) we saved no time at

nodes’ bounds were not resimplified to the maximal level. The more nodes we had at
the end of a planning session with lower simplification levels, the more speedup we get
according to (7.10).

47



Additional resimplification strategies

We note that the proofs for Theorems 2, 3 depends on our resimplification strategy 3.2.4.
That is, additional strategies can be introduced as long as they satisfy Assumptions 3.2.1,
and 3.2.2. To clarify, a simple example of a converging and finite-time resimplification
strategy would be to refine the bounds of all nodes (belief tree nodes and rollout nodes)
that are descendants to the belief-action node ha that was chosen for resimplification
at Select Best procedure. Naturally, there will always be a node that got tightened
(unless all bounds are already equal); thus, Assumption. 3.2.1 is satisfied. Further, after
a finite time, all nodes in the sub-tree got to the maximal level of simplification, and the
bounds converged. Thus, Assumption. 3.2.2 is satisfied. Note that using this brute-force
strategy can result in many unnecessary resimplifications. So, the potential speed-up
may decrease but in the worst case, SITH-PFT will still yield the same time complexity
as PFT.
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